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Chapter 1

Branching Processes

1.1 General setting

X random variable in N0.

c = E[X], pk = Pr(X = k).

DX : offspring distribution.

Build a random tree TX inductively

• Start with root.

• Add X1 ∼ DX children.

• Given generation t− 1 with Zt−1 = k individuals, add X1,i children to the ith individual in generation t− 1,

where Xt,1, . . . , Xt,k ∼ DX i.i.d.

Expectation of Zn Assume Zn−1 = k. Then: Zn =
∑k

i=1Xn,k and E[Zn] = kE[X] = kc.

E[Zn

∣∣Zn−1] = cZn−1

E[Zn] = cE[Zn−1] = c2 E[Zn−2] = · · · = cn
(1.1)

Note that |TX | =
∑∞

n=0 Zn, proving that:

E[|TX |] =


1

1−c c < 1 subcritical

∞ c = 1 critical

∞ c > 1 supercritical

(1.2)

Survival probability θ = Pr(|TX | = ∞)

Theorem 1.1. Let G(λ) =
∑

k pkλ
k be the PGF of X. Then η = 1 − θ is the smallest solution of λ = G(λ) in

[0, 1].
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Consequences Note that G′, G′′ > 0, G(0) = p0, G(1) = 1, and G′(λ) =
∑

k pkkλ
k−1 gives:

G′(1) = E[X] = c

Proof that η = G(η). Condition on X1 = k, i.e. the root having k children.

We have k subtrees T1, . . . , Tk. |T | <∞ ⇔ |T1| <∞, . . . |Tk| <∞.

Conditioned on X1 = k, T1, . . . , Tk are independent and have the same distribution as the original tree T ; in

particular, Pr(|Ti| <∞) = η.

Thus, we have:

η = Pr(|T | <∞)

=
∑
k

Pr(X = k) Pr(|T1| <∞, . . . |Tk| <∞)

=
∑
k

Pr(X = k)
k∏

i=1

Pr(|Ti| <∞)

=
∑
k

Pr(X = k)ηk

= EX [ηX ] = GX(η)

(1.3)

1.2 Random walk representation

Idea: explore TX via BFS.

At time t, Dt: set of discovered vertices, Qt: queue, yt: length of queue.

t = 0 : D0 = Q0 = {v1}
t = 0 → t = 1 : Q1 = {v2, . . . , v1+X1}, D1 = {v1} ∪Q1, yt = y0 − 1 +X1 = X1

• dequeue v1 ∈ Q0

• fing the children of v1

• v1 has X1 children v2, . . . , v1+X1 , where X1 ∼ DX

• add v2, . . . , v1+X1 to the queue

t− 1 → t if Qt−1 ̸= ∅: yt = yt−1 − 1 +Xt, Dt = v1, . . . , vt ∪Qt

• dequeue vt ∈ Qt−1

• find its children (there are Xt ∼ DX)

• add them to the queue

Analysis

1. If yt > 0 ∀t, then |TX | = ∞

5
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2. Let k = min{t : yt = 0}, i.e. last leaf of TX . Then Dk = {v1, . . . , vk} ∪Qk= {v1, . . . vk} and |TX | = k.

3. As long as yt−1 > 0, yt = 1 +X1 + · · ·+Xt − t ≥ 0, X1 + · · ·+Xt = t− 1 + yt; in particular:

X1 + · · ·+Xt−1 = t− 2 + yt−1 ≥ t− 1

Thus:

|T | = k ⇔ k = min{t : yt = 0} ⇔ X1 ≥ 1, X1 +X2 ≥ 2, . . . , X1 + · · ·+Xk−1 ≥ k − 1,

k∑
i=1

Xi = k − 1

Random walk drift Define drift as E[yt − yt−1] = E[Xt] − 1 = c − 1. Note that we have E[yt] = 1 + (c − 1)t

that drifts up or down, depending on c > 1 or c < 1.

Key: very unlikely to die very late. May still die because of fluctuations.

We expect 1 +X1 + . . . Xt − t = 1 + t(E[X]− 1)±
√
t, thus fluctuations should lead to it hitting zero at some

time t:

|TX | = min{t : yt = 0} = min{t : 1 +X1 + · · ·+Xt − t = 0} <∞

where the precise hitting time is random.

The standard deviation is
√
var(yt) =

√
var(

∑t
i=1(Xi − 1)) =

√
t var(Xt) ≈

√
t.

Theorem 1.2. If Pr(X = 1) = 1, then θ = 1. If Pr(X = 1) < 1, then θ > 0 is equivalent to c > 1.

Implicit equation η = G(η).

Lemma 1.1. If extinction probability η = 1− θ = Pr(|TX | <∞), then η satisfies η = GX(η).

Theorem 1.3. For general X ∈ N0, η = 1− θ is the smallest solution of GX(λ) = λ.

Corollary 1.1. If c > 1, Pr(k ≤ |TX | <∞) ≤ e−Dk

1−e−D .

Proof.

Pr(k ≤ |TX | <∞) ≤
∞∑
l=k

Pr(|TX | = k) ≤
∞∑
l=k

e−Dk

≤ 1

1− e−D
− e−D·0(1− e−D)k−1

1− e−D

≤ e−Dk

1− e−D

Corollary 1.2. If c > 1, θ = Pr(|TX | = ∞) > 0.

6
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Proof by contradiction. Assume θ = 0. Then, we have:

E[|TX |] =
∑
k≥0

kPr(|TX | = k)

≤
∑
k≥0

ke−Dk e−D ∈ (0, 1)

=
e−D

(1− e−D)2
<∞

But E[|TX |] = E[
∑∞

t=0 Zt] =
∑

t≥0 E[Zt] =
∑

t≥0 c
t = ∞. Contradiction.

Lemma 1.2 (Homework 3). If c > 1 and δ ∈ (0, 1), then Pr(c(1−δ)n ≤ Zt ≤ c(1+δ)n
∣∣|TX | = ∞) → 1.

Proof. RHS: Use Markov’s inequality. Key: exponential growth above criticality.

Pr(Zn > c(1+δ)n) ≤ E[Zn]

c(1+δ)n
= c−δn

i.e.

Pr(Zn > c(1+δ)n
∣∣|TX | = ∞) =

Pr(Zn > c(1+δ)n ∩ |TX | = ∞)

θ
≤ 1

θ

1

cδn
→ 0

LHS: Choose c′ = c1−δ/2 < c.

Pr(Zn+1 ≤ c′t
∣∣Zn = t) = Pr(

t∑
i=1

Xi ≤ c′t) ≤ e−tD

where D = I(c′) = supt≤0(c
′t− logE[etX ]).

Use the law of total probability:

Pr(Zn+1 ≤ c′k ∩ Zn ≥ k) =
∞∑
t=k

Pr(Zn+1 ≤ c′k ∩ Zn = t)

=
∞∑
t=k

Pr(Zn+1 ≤ c′k
∣∣Zn = t) Pr(Zn = t)

=

∞∑
t=k

Pr(Zn+1 ≤ c′t
∣∣Zn = t) Pr(Zn = t) relax constraints

≤
∞∑
t=k

e−tD Pr(Zn = t)

≤ e−kD Pr(Zn ≥ k) ≤ e−kD

Pr(Zn < c(1−δ)n
∣∣|TX | = ∞) ≤ Pr(Zn0+t < c(1−δ/2)tk0

∣∣|TX | = ∞) ≤ ϵ

Lemma 1.3. Let X ∼ Poiss(c) or Bin(n, c
n).

a) If c < 1, Pr(|TX | > k) ≤ e−
(1−c)2

2 k

7
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b) If c > 1, Pr(|TX | = k) ≤ e−
(c−1)2

2c
k

Concentration bound for Poisson random variables Given Xi
i.i.d.∼ Poiss(c).

Pr(
k∑

i=1

Xi ≥ λk) ≤ e−
(λ−c)2

2λ
k if λ > c

Pr(

k∑
i=1

Xi ≤ λk) ≤ e−
(c−λ)2

2c
k if λ < c

(1.4)

Proof of first part.

Pr(
k∑

i=1

Xi ≥ λk) ≤ E[et
∑k

i=1 Xi ]

eλtk
= E[etX ]ke−λtk = e−k(λt−c(et−1)) maximize over t to get I(λ)

≤ e−kI(λ)

Define rate function I(λ) = λ ln(λc )− λ+ c:

I ′(x) = ln(
x

c
)

I ′′(x) =
1

x

Use Taylor expansion with remainder:

I(λ) = I(c) + I ′(c)(λ− c) +
I ′′(x)

2!
(λ− c)2 =

(λ− c)2

2x
≥ (λ− c)2

2λ

where x ∈ [c, λ].

Multiplicative Chernov bound

Pr(Sk ≥ (1 + ϵ)E[Sk]) ≤ e
− ϵ2

2(1+ϵ)
E[Sk]

Pr(Sk ≤ (1− ϵ)E[Sk]) ≤ e−
ϵ2

2
E[Sk]

(1.5)

Lemma 1.4. If Sk is a sum of k i.i.d. random variables which are either exponential random variables with

expectation 1, Poisson random variables with arbitrary expectation, or arbitrary random variables taking

values in [0, 1]. Then Sk obeys the multiplicative Chernov bound.

Proof.

(i) Let T1, . . . , Tk ∼ Exp(1) i.i.d. and Sk =
∑k

i=1 Ti.

Note that for t ∈ (0, 1) we have E[etTi ] = 1
1−t = e− log(1−t).

8
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Then, we have:

Pr(Sk ≥ (1 + ϵ)k) = Pr(etSk ≥ e(1+ϵ)tk)

≤ e−(1+ϵ)tke−k log(1−t) = e−k((1+ϵ)t+log(1−t))

Similarly, we have:

Pr(Sk ≤ (1− ϵ)k) = Pr(e−tSk ≥ e−(1−ϵ)tk) E[e−tTi ] =
1

1 + t
∀t ∈ (0,∞)

≤ e(1−ϵ)tke−k log(1+t) 1− ϵ =
1

1 + t∗
, t∗ =

ϵ

1− ϵ

≤ e(1−ϵ)ϵk+k log(1−ϵ) log(1− ϵ) ≤ −ϵ ∀ϵ < 1

= e

Concentration bound for general random variables Given X a random variable with E[X] = c ∈ R,
Xi

i.i.d.∼ DX .

Pr(
k∑

i=1

Xi ≥ λk) ≤ e−kIX(λ) if λ > c

Pr(

k∑
i=1

Xi ≤ λk) ≤ e−kIX(λ) if λ < c

where IX(λ) is the rate function

IX(λ) =

supt≥0(tλ− logE[etX ]) if λ ≥ c

supt≤0(tλ− logE[etX ]) if λ ≤ c
(1.6)

Lemma 1.5. If E[X] = c > 1, there exists constant D > 0 s.t. Pr(|TX | = k) ≤ e−Dk.

Key: A supercritical BP either survives or dies out fast.

Proof.

Pr(|TX | = k) ≤ Pr(X1 + · · ·+Xk < k)

= Pr(e−t
∑k

i=1 Xi ≥ e−tk) Chernoff bound

≤ E[e−tX ]ketk

= e−k(−t−logE[e−tX ])

≤ e−kI(1) λ = 1

where I(1) = supt≤0{1 · t− logE[etX ]} = supζ≥0{−ζ − logE[e−ζX ]} = supζ≥0 ϕ(ζ).

ϕ(0) = 0

ϕ′(ζ) = −1 +
E[Xe−ζX ]

E[e−ζX ]
→ E[X]− 1 = c− 1 > 0 as ζ → 0

9
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Choose D = I(1) = supζ≥0 ϕ(ζ) > 0.

Rate function See Cramer’s theorem lecture.

1.3 Duality

Theorem 1.4. Consider a branching process with offspring distribution Pr(X = k) = pk and extinction probability

η ∈ (0, 1). Then the original branching process conditioned on extinction is a branching process with probability

distribution p∗k = ηk−1pk.

Key:

• Survival requires at least one infinite lineage; extinction requires all branches finite

• Conditioning on extinction biases reproduction toward smaller families.

General duality theorem Let X have PGF G(s) =
∑

k geq0 pks
k and extinction probability η solving η = G(η).

Theorem 1.5 (Duality theorem). Conditioning on eventual extinction yields another Galton-Watson process with

PGF

G∗(s) =
G(ηs)

η

which is subcritical and dies out with probability 1.

Key: a supercritical process, given extinction, looks subcritical.

Why the factor ηk−1 appears If the root has k children:

• all k subtrees must die: ηk

• conditioning on extinction: η−1

With reproduction weight pk, the conditioned offspring probability is proportional to pkη
k−1, giving:

G∗(s) = E[sX ] =
∑
k≥0

pkη
k−1sk =

1

η

∑
k≥0

pk(ηs)
k =

G(ηs)

η

Proof by induction. Let E = {eventual extinction} and η = Pr(E).

Base: For the root, η =
∑

k pkη
k = G(η).

Inductive hypothesis: At some generation, conditioned offspring weights are pkη
k−1.

Inductive step: A parent with k children has all subtrees die with probability ηk; conditioning on E divides by

η, yielding weights pkη
k−1 and PGF G∗(s) = G(ηs)/η. Thus, the form persists one generation deeper.

Key: every time we enforce finiteness on another level, we multiply by η; the single division by η comes from

conditioning on extinction overall.

10
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Problem 1.1. Show that if X ∼ Poiss(c) witn c > 1, the offspring distribution p∗k is again Poisson with parameter

c̃ = cη, and show that

ce−c = c̃e−c̃

Prove that the function c 7→ f(c) = ce−c has a unique max at c = 1 and is strictly monotone increasing up to

max, strictly monotone decreasing after that, and f(c) → 0 as c→ 0 and c→ ∞.

Conclude that for any c > 1, ce−c = c̃e−c̃ has a unique solution c̃ < 1.

Solution: Use duality theorem.

11



Chapter 2

Thresholds in Random Graphs

2.1 Erdos-Renyi random graphs

G(n, p): each of Π =
(
n
2

)
possible edges is chosen with probability p.

Definition 2.1 (Graph property). A graph property P is invariant under relabelling.

• sample space Ω: set of all graphs on [n]

• property P ⊆ Ω: all graphs with d = 1; containing a triangle; not containing a 4-cycle

2.2 Thresholds

Notation If an, bn ≥ 0.

an ≪ bn ⇔ an/bn = o(1) ⇔ ab/bn → 0

an ≫ bn ⇔ an/bn → ∞

Definition 2.2. ρ(n) is a threshold for P iff

Pr(P ) → 1 if p≫ ρ(n)

Pr(P ) → 0 if p≪ ρ(n)

or if this holds for PC = not P .

Proof strategy Let X random variable in N0: number of edges, k-trees, k-cycles.

1. First moment method: show E[X] → 0 if p≪ ρ(n) using Pr(X > 0) ≤ E[X]

2. Second moment method: show E[X2] ≤ E[X]2(1 + ϵn) where ϵ→ 0 if p≫ ρ(n)

Lemma 2.1. If X ≥ 0 then Pr(X > 0) ≥ E[X]2

E[X2]
.

Proof. Use Cauchy inequality: E[X] = E[X] · E[1X>0] ≤
√
E[X2] · E[1X>0]. E[X]2 ≤ E[X2] Pr(X > 0).

12
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Edges Let X be the number of edges in G(n, p), E: set of edges, Π =
(
n
2

)
: number of possible edges.

X =
∑

e 1e∈E .

E[X] =
∑
e

E[1e∈E ] =
∑
e

Pr(e ∈ E) = Πp→ 0 if p≪ n−2

E[X2] =
∑

e,e′∈E
E[1e∈E1e∈E ] =

∑
e=e′

+
∑
e̸=e′

= Πp+Π(Π− 1)p2 ≤ Πp+Π2p2 = E[X]2(1 +
1

Πp
)

Choose ϵn = 1
Πp : Pr(X > 0) ≥ E[X]2

E[X2]
≥ 1

1+ϵn
→ 1 if p≫ n−2.

k-trees X =
∑

T :|V (T )|=k 1T⊆G(n,p).

E[X] =
∑
T

E[
∏
e∈T

1e∈E ] =
∑
T

pk−1 =
∑
S⊆[n]
|S|=k

∑
T :V (T )=S

pk−1 =
∑
S⊆[n]
|S|=k

kk−2pk−1 = kk−2pk−1

(
n

k

)

≤ kk−2

k!
pk−1nk → 0 if p≪ n−

k
k−1

Cayley’s formula: number of trees on n vertices is nn−2.

E[X2] =
∑
T,T ′

E[1T⊆G(n,p)1T ′⊆G(n,p)]

=
∑
T,T ′

p|E(T )∪E(T ′)|

=
∑
T,T ′

p2k−2−|E(T )∩E(T ′)|

≤
∑
T,T ′

p2k−2 +
∑
T,T ′

|V (T )∩V (T ′)|=ζ

p2k−2−(ζ−1)

≤ E[X]2 +
k∑

ζ=1

∑
|S|=|S′|=k
|S∩S′|=ζ

(kk−2pk−1)2p−(ζ−1)

≤ E[X]2 +

(
kk−2pk−1

(
n

k

))2

C(k)

k∑
ζ=2

(
k

ζ

)
n−ζp−(ζ−1)

≤ E[X]2
(
1 + C(k)2k max

ζ=2,...,k
n−ζp−(ζ−1)

)
= E[X]2(1 + ϵn)

Then, we have Pr(X > 0) ≥ E[X]2

E[X2]
≥ 1

1+ϵn
. If p≫ n−

k
k−1 , then p≫ n

− ζ
ζ−1 and pζ−1nζ ≫ 1; ϵn → 0.

Key: if |E(T ) ∩ E(T ′)| = l ≥ 1, then |V (T ) ∩ V (T ′)| ≥ l + 1.

• S:
(
n
k

)
• S ∩ S′:

(
k
ζ

)
• S \ S′:

(
n−k
k−ζ

)
≤ nk−ζ

13
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Note:

nk(
n
k

) ≤ C(k) = k!kk;
k∑

ζ=2

(
k

ζ

)
≤ 2k

k-cycles Let Xk: a number of k-cycles, Nk: a number of k-cycles on k vertices ≤ k!.

E[Xk] =
∑
C

Pr(C ⊆ G(n, p))

=
∑

S:|S|=k

∑
C on S

pk

=

(
n

k

)
Nkp

k ≤ nk

k!
k!pk = (np)k → if p≪ 1

n

Lemma 2.2. Assume that p≪ 1
n . Then w.h.p. the connected components of G(n, p) are trees of size o(log n).

Proof. Assume k ≥ 2, npe ≤ 1/4. Let Yk: number of cycles of size k, Y : number of cycles, Xk: number of trees

of size k.

E[Xk] ≤
1

epk2
(npe)k

E[X≥k] ≤
∑
l≥k

1

epl2
(npe)l ≤ 1

epk2
(npe)k

1− npe
≤ 2

epk2
(npe)k ≤ n2pe(npe)k−2 ≈ pn2(npe)k−2

Isolated vertices Let X be the number of isolated vertices. If i ∈ [n] isolated, none of the edges between i and

[n]ı is in G(n, p):

Pr(i is isolated) = (1− p)n−1

E[X] =
∑
i∈[n]

Pr(i is isolated)

= n(1− p)n−1 ≤ ne−p(n−1) = nee−np p ≥ (1 + ϵ)
log n

n

≤ ne
1

n1+ϵ
=

e

nϵ
→ 0

Definition 2.3. ρ(n) is a sharp threshold for P iff

Pr(P ) →

 0 if p ≤ (1− ϵ)ρ(n)

1 if p ≥ (1 + ϵ)ρ(n)

Problem 2.1. Show that:

•
logn
n is a sharp threshold after which there are no isolated vertices

•
logn
n is a threshold for G(n, p) being connected

14



Chapter 3

Giant Component in Random Graphs

For p≪ 1
n , there are no cycles, i.e. just isolated trees.

3.1 Component structure

Theorem 3.1. If np→ ∞, then with high probability ∃ a giant component Cmax with |Cmax| ≥ n(1− e−
np
4 ) and

all other components are trees.

Proof. With high probability:

a) all components C with |C| ≤ n/2 are trees

b) if Xk: number of trees of size k ≤ n
2 , then E[Xk] ≤ 1

pk2
((pne)e−

np
2 )k

c) if Zk: number of components of size k, Z =
∑

k kZk: number of total vertices in small components, then

E[Z] = O(ne−
np
2 ) and

Pr(Z ≥ ne−
np
4 ) = O(e−

np
4 ) → 0

d) number of vertices in component |C| > n/2 is n− Z

but there can only be one component with number of vertices greater than n/2.

Solution:

a) Let Xk: number of sets S s.t. |S| = k, the induced graph is a component, S contains at least k edges.

Pr(S contributes) = Pr(∃T on S and one edge)

≤
∑

T on S

∑
extra edge

pk−1p(1− p)k(n−k)

≤ kk−2k2pke−pk(n−k) (k ≤ n/2)

≤ (kp)ke−knp/2

15
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E

[∑
k

Xk

]
=

n/2∑
k=3

(
n

k

)
(kp)ke−knp/2

≤
∑
k≥3

kk

k!
(npe−np/2)k k! ≥

√
2πk

(
k

e

)k

≥
(
k

e

)k

≤
∑
k≥3

(npee−np/2)k → 0 if np→ ∞

i.e. there all connected components of size less than or equal to n/2 are trees if np→ ∞.

b) Let Xk: number of isolated trees of size k.

• k − 1 edges: pk−1

•
(
k
2

)
− (k − 1) internal non-edges: (1− p)(

k
2)−(k−1)

• k(n− k) non-edges isolating T from the other n− k verticess: (1− p)k(n−k)

E[Xk] =

(
n

k

)
kk−2pk−1(1− p)(

k
2)−(k−1)+k(n−k)

(
k

2

)
− (k − 1) + k(n− k) ≥ nk/2

≤ nk

k!
kk−2pk−1e−pnk/2

≤ 1

pk2
((pne)e−np/2)k

c)

E[Z] =
∑

k≤n/2

kE[Xk] ≤
1

p

∑
k

(pnee−np/2)k ≤ 1

p

pnee−np/2

1− pnee−np/2
= O(

1

p
pne−np/2) = O(ne−np/2)

16
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3.2 Giant in G(n, p)

Key idea Pr(vertex v ∈ Cmax) = Pr(BFS from vertex v survives) = θ

E[|Cmax|] = E

[∑
v

1v∈Cmax

]
=
∑
v

Pr(vertex v ∈ Cmax) = nθ

Notation Key: For BP with offspring distribution ∼ Poi(c), survival θ = 1− η = 1− ec(η−1) = 1− e−cθ

G(n, p): n nodes, each of
(
n
2

)
possible edges, chosen i.i.d. with probability p = c

n for constant c.

C(x): connected component that contains vertex x, Cmax: largest connected component.

θ = Pr(|TPoiss(c)| = ∞).

Theorem 3.2 (Phase transition at c = 1).

a) If c < 1, w.h.p. |Cmax| = O(log n).

b) If c > 1, |Cmax|
n → θ and w.h.p. |C(x)| = O(log n) for all other components.

Proof strategy. Key: |C(x)| ≤ k ⇔ ∃l ≤ k : X1 + · · ·+Xk ≤ l − 1

• Explore C(x) via BFS

• Relate the probability that x ∈ Cmax to the probability θ(c) that a Poiss(c) branching process survives

• Similar to the argument which shows that a supercritical BP either survives or dies out fast, show that for

c > 1, either x ∈ Cmax or |C(x)| = O(log n)

Exploration of C(x)

• start with v1 = x, Q0 = {x}

• v1 has n− 1 possible children, so X1 ∼ Bin(n− 1, p)

actual children in BFS tree Q1 = {v2, . . . , vX1+1}, y1 = X1

• v2 has n− 1−X1 possible children, so X2 ∼ Bin(n− 1−X1, p)

actual children in BFS tree y2 = y1 − 1 +X2 if y1 > 0

• yt =

yt−1 − 1 +Xt if yt−1 > 0

0 if yt−1 = 0

|C(x)| = k ⇔ k = min{t : yt = 0}
⇔ X1 ≥ 1, X1 +X2 ≥ 2, . . . , X1 + · · ·+Xk−1 ≥ k − 1 and X1 + · · ·+Xk = k − 1

but now Xt ∼ Bin(n− 1−X1 − · · · −Xt, p) = Bin(Nt−1, p)

• drift

E[yt
∣∣yt−1]− yt−1 = E[Xt]− 1 =

c

n
Nt−1 − 1 < c− 1

17
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Lemma 3.1 (Comparison lemma). Tn,p: branching process with Bin(n, p) offspring.

Pr(|Tn−k,p| > k) ≤ Pr(|C(x)| > k) ≤ Pr(|Tn,p| > k)

Corollary 3.1. If c < 1, then w.h.p.

max
x∈[n]

|C(x)| ≤ 2

(1− c)2
log n

Proof.

Pr(|C(x)| > k) = Pr(|TPoi(c)| > k)

≤ Pr(|TBin(n,c/n)| > k) ⇔ yt = 1 + (X1 + · · ·+Xt)− t > 0, t ≤ k ⇔
k∑

i=1

Xi ≥ k,Xi ∼ Bin(n, c/n)

= Pr(

k∑
i=1

Xi ≥ k)

= Pr(et
∑k

i=1 Xi ≥ etk) E[etXi ] =
(
1 +

c

n
(et − 1)

)n
≤ ec(e

t−1), 1 + x ≤ ex ∀x ∈ R

≤ etc(e
t−1)

etk

= e−k(t−c(et−1))

= e−k(− log c+c−1) = e−kI(c)

≤ e−
(1−c)2

2
k k =

3

(1− c)2
log n

≤ n−3/2

yielding Pr (maxx |C(x)| > k) = nn−3/2 = n−1/2 = 1√
n
→ 0.

Consider − log c = − log(1 − (1 − c)) = − log(1 − u). Then, we have I(c) = − log(1 − u) − u and Taylor

expansion around 0 yields:

− log(1− u)− u =
u2

2
+
u3

3
+ · · · ≥ u2

2

where u = 1− c > 0 for c < 1.

18
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Corollary 3.2. If c > 1 and kn = o(n), kn → ∞

Pr(|C(x)| > kn) → Pr(|TPoi(c)| > kn)

Proof.

Pr(|C(x)| > k) ≤ Pr(|Tn,p| > k)

= Pr(k < |Tn,p| <∞) + Pr(|Tn,p| = ∞)

→ O(e−kD) + θ(c)

Pr(|C(x)| > k) ≥ Pr(|Tn−k,p| > k)

≥ Pr(|Tn−k,p| = ∞)

→ θ(c)

We note that all components with |C(x)| ≥ 3c
(1−c)2

log n must be part of Cmax.

Corollary 3.3. Let k be a constant, c > 1, Vt = {x : |C(x)| > k log n}. Then

E
[
|Vt|
n

]
→ θ

3.3 G(n, p) has small diameter

Choose x, y ∈ Cmax uniformly at random. Let D = distG(n,p)(x, y).

Claim: D ≈ logc n

Theorem 3.3. For c > 1, D
logc n

→ 1 in probability.

Proof. Need to show ∀ϵ > 0

a) Pr(D ≤ (1− ϵ) logc n) → 0 in probability

b) Pr(D ≥ (1 + ϵ) logc n) → 0 in probability

Proof of a). Let l0 = (1− ϵ) logc n.

Claim: ∀x ̸= y ∈ [n]

Pr
G(n,p)

(d(x, y) ≤ l0) ≤
1

n

cl0

1− 1/c
=

n−ϵ

1− 1/c

Proof: Let Xl: the number of paths w : x→ y of length l

Pr(dist(x, y) = l) ≤ E[Xl]

= pl · number of paths

≤ plnl−1

=
1

n
cl

19



CS 194-198: Networks Quiz, Midterm, Final Spring 2026

Claim: a) holds.

Pr(D ≤ l0) = Pr

(
D ≤ l0 ∩ |Cmax| ≥

θ

2
n

)
+
((((((((((((((
Pr

(
D ≤ l0 ∩ |Cmax| <

θ

2
n

)
= E

[
1|Cmax|≥nθ

2
· 1D≤l0

]
= EG(n,p)

1|Cmax|≥nθ
2
· 1

|Cmax|2
∑

x,y∈Cmax

1dist(x,y)≤l0

 conditioned on G ∼ G(n, P )

≤ 4

n2θ2
EG(n,p)

 ∑
x,y∈[n]

1D≤l0

 1

|Cmax|2
≤ 4

(nθ)2

=
4

n2θ2

∑
x,y∈[n]

Pr
G(n,p)

(dist(x, y) ≤ l0)

=
4

θ2n
+

4

θ2n2

∑
x̸=y

Pr
G(n,p)

(dist(x, y) ≤ l0)

= O

(
1

n

)
+O

(
1

nϵ

)
→ 0

Proof of b).

Relationship between yt and Zk Let t(k): time when last vertex of generation k − 1 leaves queue.

Then, we have yt(k) = Zk: everyone in queue.

t(1) = 1 : Z1 = X1 = y1

t(k + 1) = t(k) + Zk = t(k) + yt(k)

Heuristic yt ≊ (c− 1)t

Then, we have t(k + 1) ≊ t(k) + (c− 1)t(k) ≊ ct(k).

Set t0 =
1+ϵ
2 logc n.

Thus, we have:

yt0 ≈ ct0 ≊ n
1+ϵ
2

Pr(x↔ y) ≥ 1− (1− p)n
1+ϵ → 1

20
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Power laws 1: Configuration Model

Molloy Reed model UG(
˜
d)

Given
˜
d = (d1, . . . , dn), draw G uniformly at random from all G with di(G) = di ∀i = 1, . . . , n

Configuration model CM(
˜
d)

Given
˜
d = (d1, . . . , dn) with ln =

∑
i di even

• form set H of ln half edges

• create M: uniformly random matching into ln/2 pairs

• output multipgraph G = G(M)

Remark 4.1. If we condition on G ∼ CM(
˜
d) to be simple, we have G ∼ UF (

˜
d)

Assumptions:

• (D) there exists limiting r.v. D ∈ N s.t. 1
n

∑
i 1di=d → Pr(D = d)

• (M1) 1
n

∑
i di → E[D] <∞

• (M2) 1
n

∑
i d

2
i → E[D2] ≤ ∞

s.t. D: degree distribution of a random vertex.

∑
i

di
ln
(di − 1) =

∑
i di(di − 1)

ln

di
ln

: reach vertex i, di − 1 : forward edges from vertex i

=

∑
i di(di − 1)∑

i di
→ ν =

E[D(D − 1)]

E[D]

s.t. ν: weighted average number of forward edges from a vertex we reach via a random edge.

Theorem 4.1.

Pr(G is simple) → e−
ν
2
− ν2

4

i.e. no self-loops.
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Proof heuristic.

Pr(Πii = 0) =

(
1− di − 1

ln − 1

)(
1− di − 2

ln − 3

)
. . .

(
1− 1

ln − 2(di − 2)− 1

)
≊

di−1∏
k=1

(
1− di − k

ln

)

≊ exp

(
−

di−1∑
k=1

di − k

ln

)

= exp

(
−di(di − 1)

2ln

)
(di − 1) . . . 1 =

(
di
2

)
Thus, we have:

Pr(∃Πii ̸= 0) ≊
∏
i

Pr(Πii ̸= 0)

≊ exp

(
−
∑
i

di(di − 1)

2ln

)
→ e−

ν
2

4.1 Properties

Theorem 4.2. If mini di ≥ 3, then w.h.p. G ∼ CM(
˜
d) is connected.

Theorem 4.3. If Pr(D = 2) < 1, then G ∼ CM(
˜
d) has a unique giant with lim |Cmax|

n > 0 i.e. ν > 1.

Key: ν > 1 means BP does not die out, and we keep branching.

Theorem 4.4. If 1 < ν <∞ and x, y are chosen uniformly at random in Cmax, then

dist(x, y)

logν n
→ 1 in probability

Example 4.1. Power law graphs Pr(D = k) ≈ k−α

• 2 < α < 3: ν = ∞, unique giant, dist(x, y) ≊ log logn

• α > 3, ν ≤ 1: no giant

• α > 3, ν > 1: unique giant, dist(x, y) ≊ logν n

Why does E[D2] enter? What is lim |Cmax|
n ?

How many children has j? Number of children is equal to forward degree dj − 1.

As the BFS continues, new connections are again formed uniformly among half-edge, i.e. proportional to the

degree dv of the chosen vertex v.
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4.2 Two-step branching process

Root has k children with probability

pk =
1

n

∑
i

1di=k → Pr(D = k)

Later vertices have degree k + 1, and thus k children with probability

p∗k =
(k + 1)

∑
i 1di=k+1

ln
=

(k + 1)pk+1

d̄

where d̄ = 1
n

∑
i di =

ln
n .

Definition 4.1. Let D be a r.v. on N0 with 0 < E[D] <∞. Then TD,D∗ is the BP where the root has a random

number D of children. and every other vertex has D∗ children, where

Pr(D∗ = k) =
(k + 1)Pr(D = k + 1)

E[D]

Note:
E[D∗] =

∑
k

kPr(D∗ = k)

=
1

E[D]

∑
k

k(k + 1)Pr(D = k + 1)

=
1

E[D]

∑
k

k(k − 1)Pr(D = k)

=
E[D(D − 1)]

E[D]

Extinction probability

η = Pr(|TD,D∗ | <∞)

=
∑
k

Pr(D = k) Pr(|TD∗ | <∞)k

= GD(Pr(|TD∗ | <∞))

where
η∗ = Pr(|TD∗ | <∞)

=
∑

Pr(D∗ = k) Pr(|TD∗ | <∞)k

= GD∗(η∗)

We can show that the extinction probability is the smallest solution.

Proposition 4.1. The survival probability θ of TD,D∗ is equal to 1 − η = 1 − GD(η
∗) where η∗ is the smallest

solution of η∗ = GD∗(η∗). Furthermore, if Pr(D = 2) < 1, then η > 0 ⇐⇒ E[D∗] > 1.

Theorem 4.5. Consider CM(
˜
d) s.t. Pr(D = 2) < 1. Then w.h.p. |Cmax|

n → θ in probability, and all other

components are of size o(n). In particular, ∃ giant ⇐⇒ E[D∗] > 1.
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Proof strategy.

1) Show

Pr(|C(k)| > k) → Pr(|TD,D∗ | > k)

2) Show ∃Kn → ∞ sufficiently slowly s.t.

|Vt|
n

→ θ in probability

where Vt = {x : |C(x)| > kn}.

3) Show that Vt is ”mostly” connected, i.e. w.h.p we have

max
x∈Vt

|C(x)| ≥ θn− o(n)

4.3 Self-loops and multi-loops

Mij ≤
1

2
Aij(Aij − 1)

E[Aij(Aij − 1)] =

24
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Power laws 2: Preferential Attachment

Key idea: there is a limited number of vertices that have significantly larger degree than rest.

• start with some finite graph Gt0 connected

• time t→ t+ 1: Given Gt with degrees di(t):

• add new vertex v

• attach m edges i.i.d. vu1, vu2, . . . , vum

• from v to ui ∈ Gt, where ui = u with probability Pu(t) =
du(t)

2|E(Gt)|

Barabási-Albert ’99 (or B-A) model has three versions:

a) independent model: i.i.d. for i = 1, . . . ,m

b) conditional model: condition on ui ̸= uj ∀i ̸= j

c) sequential model: update degrees in each step

Note: at each time step t→ t+ 1, we add one new vertex and m new edges

|Vt| = |Vt0 |+ t− t0

|Et| = |Et0 |+ (t− t0)m

Expected degrees

• time 1: d1(1) = d2(1) = m

• time t→ t+ 1: di(t+ 1)− di(t)
∣∣di(t) ∼ Bin

(
m, di(t)2mt

)

E[di(t+ 1)|Gt] = di(t) +m
di(t)

2mt
= di(t)

(
1 +

1

2t

)
Vertex i is born at time ti with di = m: t1 = 1, ti = i− 1 i ≥ 2
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E[di(t)] = di(ti)

t−1∏
ζ=ti

(
1 +

1

2ζ

)

= m
t−1∏
ζ=ti

(
1 +

1

2ζ

)

≊ m exp

 t−1∑
ζ=ti

1

2ζ


≊ m exp

(∫ t

ti

1

2ζ
dζ

)
= m exp

(
1

2
(log t− log ti)

)
= m

√
t

ti

s.t. error can be shown to be

E[di(t)] = m

√
t

ti

(
1 +O

(
1

ti

))
Heuristic largest degree

dmax = max
i
di(t)

≊ max
i

E[di(t)] ti is minimal when i = 1

= E[d1(t)]

= m
√
t(1 +O(1/t))

Heuristic degree distribution Let Nk(t): number of vertices i with di(t) = k.

Nk(t) =
t+1∑
i=1

1di=k

We have:

N≥k(t) =
t+1∑
i=1

1di≥k E[di] ≊ m

√
t

ti
≊ m

√
t

i

≊
t+1∑
i=1

1
m
√

t
i
≥k

=

t+1∑
i=1

1
i≤tm

2

k2

= t
m2

k2

Then, we have:
1

t+ 1
N≥k(t) →

m2

k2
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Thus, we have:
1

t+ 1
Nk(t) =

1

t+ 1
(N≥k(t)−N≥k+1(t+ 1))

→ m2

k2
− m2

(k + 1)2

=
m2(2k + 1)

k2(k + 1)2

→ 2m2

k3

i.e. power law degrees with exponent 3.

5.1 Properties

Theorem 5.1. ∃ r.v. Xi, X ∈ R+

1) di(t)√
t
→ Xi a.s. nodes

2) Nk(t)
t → ρk = 2m(m+1)

k(k+1)(k+2) in probability Durrretl

3) maxi di(t)√
t

→ X a.s. vH, Vol 1

4) diamG(t) ∼

log t m = 1

log t
log log t m ≥ 2

vH, vol 2

5.1.1 di(t)√
t
→ Xi a.s.

Lemma 5.1. Mt =
di(t)

E[di(t)] is a martingale.

Proof.

E[di(t+ 1)] = E[E[di(t+ 1)|di(t)]]

= E[di(t)
(
1 +

1

2t

)
]

=

(
1 +

1

2t

)
E[di(t)]

E[Mt+1|Gt] =
1(

1 + 1
2t

)
E[di(t)]

E[di(t+ 1)|di(t)]

=
1(

1 + 1
2t

)
E[di(t)]

di(t)

(
1 +

1

2t

)
=

di(t)

E[di(t)]
=Mt

Theorem 5.2. di(t)√
t
→ Xi a.s.

Proof 1. By the martingale convergence theorem, Mt → 1 a.s. as t→ ∞.
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Proof 2. Calculate

1. E[Nk(t+ 1)]− E[Nk(t)]

2. ρk = limt→∞
E[Nk(t)]

t

3. Prove Nk(t)
E[Nk(t)]

→ 1

5.1.2 Nk(t)
t

→ ρk =
2m(m+1)

k(k+1)(k+2)
in probability

Master equation t→ t+ 1 With probability di(t)
2m , di(t) → di(t) + 1 for each new edge

E[Nk(t+ 1)|Gt] = Nk(t) +Nk−1(t)
k − 1

2t
−Nk(t)

k

2t
+ δk1 δk1 : new vertex

General m

E[Nk(t+ 1)
∣∣Gt] = Nk(t) +m

k − 1

2mt
Nk−1(t)−m

k

2mt
Nk(t) + δkm

Let Zk(t) := E[Nk(t)].

Zk(t+ 1) = Zk(t) +
1

2t
[(k − 1)Zk−1(t)− kZk(t)] + δkm

s.t. we fixed m = 1.

Theorem 5.3. Nk(t)
t → ρk = 2m(m+1)

k(k+1)(k+2) in probability

Proof. Guess Zk(t) = tpk.

(t+ 1)pk = tpk +
k − 1

2
pk−1 −

k

2
pk + δkm

Then, we have: (
1 +

k

2

)
pk =

k − 1

2
pk−1 + δkm

i.e.

pk =
2

k + 2
δkm +

k − 1

k + 2
pk−1

where pm = 2
m+2 , pk = k−1

k+2pk−1 for k > m.

By induction, we have:

pk =
2m(m+ 1)

k(k + 1)(k + 2)

To prove convergence, we define ∆k(t):

Zk(t) = t(pk +∆k(t))

and show that ∆k(t) → 0.
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5.1.3 Largest degree

Theorem 5.4. maxi di√
t

→ X a.s.

We will not prove this theorem. Instead, we prove bounds in probability.

Lemma 5.2. For k = 1, 2, 3, there exists Ck <∞ s.t.

E[dki (t)] ≤ Ckm
k

(
t

ti

)k/2

Proof sketch. Note that we have:

E[d2i (t+ 1)
∣∣di(t)] = d2i (t) + 2di(t)E[Xi] + E[X2

i ]

≤ d2i (t) +
d2i (t)

t
+
di(t)

2t
+
d2i (t)

4t2

Then, we have:

E[d2i (t+ 1)] ≤
(
1 +

1

t
+

1

4t2

)
E[d2i (t)] +

���
���1

2t
E[di(t)]

i.e.

E[d2i (t)] ≤ m2
t−1∏
ζ=ti

(
1 +

1

ζ
+

1

4ζ2

)

≤ m2 exp

 t−1∑
ζ=ti

1

ζ
+

1

4ζ2


= m2 exp

(∫ t

ti

1

ζ
dζ +O(1)

)
= C2m

2 t

ti

Corollary 5.1.

Pr

(
max

i
di(t) ≥ λ

√
t

)
= o

(
1

λ3

)
i.e. in particular, dmax√

t
is bounded in probability.
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Proof.

Pr(max
i
di(t) ≥ λ

√
t) ≤ Pr

(∑
i

d3i (t) ≥ λ3t3/2

)

≤
∑

i E[d3i (t)]
λ3t3/2

≤ m3C3

λ3t3/2

∑
i

t3/2

t
3/2
i

=
m3C3

λ3

1 +∑
i≥2

1

(i− 1)3/2


= o

(
1

λ3

)

5.1.4 Diameter of a graph

Theorem 5.5. diamG(t) ∼

log t m = 1

log t
log log t m ≥ 2
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5.2 Global community structure

5.2.1 Stochastic Block Model (SBM)

SBM(n, qB)

• B = (Bαβ): symmetric, k × k matrix Bαβ ≥ 0

• q controls density

Model:

• assign color α(i) ∈ [k] i.i.d.

• connect i, j with probability qBα(i)α(j)

Properties

5.3 Local community structure

Main idea: Start with network with lots of local communities, then make it a small world.

Local community strategy Clustering coefficients

Cloc =
1

n

∑
i

Pr(two random friends of i are friends) =
1

n

∑
i

number of i ∈ ∆(
di
2

)
Cgl =

∑
i number of i ∈ ∆∑

i

(
di
2

)
Diameter abuse of notation

diam = typical distance in Cmax

For G ∼ G(n, p), CM(
˜
d), PA

diam(G) ≊ log n

Cloc, Cgl → 0 as n→ ∞

Want: small diameter + large Cloc, Cgl

5.3.1 Household model

5.3.2 Watts, Strogatz ’98 Small World

1. Start with cycles Cn degrees = 2, Cloc = D, diam = n/2

2. Connect all vertices with dist ≤ k degrees = 2k, Cloc > D, diam = n
2k

3. Rewire edges with probability p

• randomly disattach one endpoint

• connect that to a random v ∈ [n]
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Heuristics if 1 < kp ≤ const; no rigorous proof

• long range edges behave like G(n, kp/n)

diam = θ(log n) = θ

(
log n

kp

)

• short range edges shorten this to

diam = θ

(
log n

k2p

)
5.3.3 Kleinberg ’01-’02 Small World

Question: can a myopic agent find a target t in time O(logn)?

Myopic agent

• can follow short and long edges

• sses one step ahead

• knows physical location of target and possible next moves

Question: how long does it take to reach target t?
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Chapter 6

Directed models

Directed CM

Directed preferential attachment

Directed random graph D(n, p)
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Part II

Processes and Algorithms
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Chapter 7

Epidemics

Poisson Point Process (PPP) Define PPP on R+: random set of points t1 < t2 < · · · ∈ R+

• tk: kth click of a random clock

• N(A) =
∑

i 1ti∈A: number of clicks in A

We construct PPP (β) on R+ as a limiting process. Define i.i.d. ∀t ∈ ϵN, keep t with probability βϵ.

N [a, b]: number of clicks in [a, b]

Bin

(
b− a

ϵ
, βϵ

)
→ Poi(β(b− a)) as ϵ→ 0

Waiting time for first click is T ∼ ϵGeom(βϵ)

Pr(T ≥ t) = (1− βϵ)t/ϵ → e−βt

7.1 Homogeneous mixing, differential equation

Homogeneous = complete graph. S(t): fraction of susceptible individuals at time t, I(t): infected, R(t): recovered.

Note that we have S(t) + I(t) +R(t) = 1.

Define transmission rate β and recovery rate γ:

dS(t)

dt
= −βS(t)I(t)

dI(t)

dt
= βS(t)I(t)− γI(t)

dR(t)

dt
= γI(t)

R0 =
β
γ : secondary infections by new infected individual before he recovers in T ∼ Exp(γ) time.

R0 = E[X] = E[E[X|T ]] = E[βT ] =
β

γ

R0 ≤ 1: infection dies out exponentially fast.
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R0 > 1:

R∞ + e−R0R∞ = 1

Differential equations

d logS(t)

dt
=

1

S(t)

dS(t)

dt
= −βI(t)∫ t

0

d logS(τ)

dτ
dτ = logS(t)− logS(0) := −β

∫ t

0
I(τ)dτ

i.e. S(t) = S(0)e−β
∫ t
0 I(τ)dτ .

Verification:
dS(t)

dt
= S(0)e−β

∫ t
0 I(τ)dτ d

dt
− β

∫ t

0
I(τ)dτ

= −βS(t)I(t)

■

Assume the initial condition R(0) = 0. Note that I(t) = 1
γ
dR
dt∫ t

0
I(τ)dτ =

1

γ

∫ t

0

dR

dτ
dτ =

1

γ
(R(t)−R(0))

i.e. S(t) = S(0)e
−β

γ
R(t)

. ■

Denote S(∞) = limt→∞ S(t), I(∞) = limt→∞ I(t) = 0, R(∞). Note that S(∞) +R(∞) = 1.

S(∞) = S(0)e
−β

γ
R(∞)

= 1−R(∞)

i.e. R(∞) = 1− S(0)e
−β

γ
R(∞)

. ■

dS(t)

dR(t)
= −βS(t)I(t)

γI(t)
= −β

γ
S(t) R0 =

β

γ

= −R0S(t)

36



CS 194-198: Networks Quiz, Midterm, Final Spring 2026

7.2 Homogeneous mixing, stochastic model

Consider n+ 1 people. At time t = 0, 1 infected and n susceptible. If an individual i is infected:

• recovers at rate γ; i stays infected for Ti ∼ Exp(γ)

• infects susceptibles at rate β = c/n

Defines random processes S(t), I(t), R(t). Analysis of time dynamics is beyond scope. Focus on:

• probability of a large outbreak i.e. probability of R(∞) ≥ const n

• final size R(∞) conditioned on it being large

• conditions on β, γ for having a significant probability of a large outbreak

Theorem 7.1. If R0 =
β
γ < 1, infection dies out. If R0 > 1

Infection digraph Predraw

Ti ∼ Exp(γ) i.i.d. ∀i

Tij ∼ Exp(β) i.i.d. ∀i ̸= j

Create a directed graph by putting an edge i→ j if Tij < Ti.

Note 1: If at time t = 0, we start an epidemic at individual i, it reaches j at time

tj = min
w:i→j

∑
uv∈w

Tuv

Note 2: R(∞) = |Ct(1)|

Forward BP What is the number X1 of people infected by the first infected individual?

Conditioned on T1, we have:

Pr(1 infects i
∣∣T1) = Pr(β-clock clicks before T1)

= Pr
T∼Exp(β)

(T ≤ T1)

=

∫ T1

0
βe−βtdt

= −e−βt
∣∣T1

0
= −e−βT1 + 1

= 1− e−βT1 = pT1

Let X1: number of people infected by 1

Pr(X1 = k
∣∣T1) = Pr(Bin(n, pT1) = k)

=

(
n

k

)
pkT1

(1− pT1)
n−k
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where the unconditional distribution is

Pr(X1 = k) = ET1∼Exp(γ)[p
k
T1
(1− pT1)

n−k]

=

(
n

k

)∫ ∞

0
γe−γtpkt (1− pt)

n−kdt

Basic reproduction number Let R0 = E[X1]: expected number of people infected by patient zero

E[X1

∣∣T1] = E[Bin(n, pT1)] = npT1

R0 = E[X1] = E[E[X1

∣∣T1]]
= n

∫ ∞

0
γe−γt(1− e−βt)dt

= n

[∫ ∞

0
γe−γtdt−

∫ ∞

0
γe−(γ+β)tdt

]
= n

(
1− γ

γ + β

)
=

nβ

γ + β

=
nc/n

1 + c/n

=
c

1 + c
n

→ c

More on forward BP Approximation: ignore that in later generations of the infection, we have less susceptible

individuals. Thus, approximate Ct(1) by TSIR, where TSIR is the BP with offspring distribution

pk := Pr(X = k) =

∫ ∞

0
γe−γt

(
n

k

)
pkt (1− pt)

n−k

Heuristic

Pr(epidemics survives) = Pr(|Ct(1)| ≥ n1/3) ≊ θSIR

We show that

Pr(|TSIR| = ∞) → θSIR =

0 c ≤ 1

1− 1
c c > 1

Generating function and survival probability Generating function of a Bin(n, pT ) is (1− pT + pT s)
n.

For simplicity, assume γ = 1.

Gn(λ) =

∫ ∞

0
(1− (1− λ)pt)

ne−tdt

Note that we have:
npT = n(1− e−βT )

= n
(
1− e−

c
n
T
)

≈ n
c

n
T = cT
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and

(1− (1− λ)pT )
n = exp

(
1− (1− λ)npT

n

)n

≈ exp

(
1− (1− λ)cT

n

)n

→ e−(1−λ)cT

i.e.

Gn(λ) →
∫ ∞

0
e−(1−λ)cte−tdt

=

∫ ∞

0
e−(1+c(1−λ))tdt

=
1

1 + c(1− λ)
= Gc(λ)

We solve Gc(η) = η to get smaller one of η = 1 and η = 1
c .

Concentration below criticality

Pr

(
k∑

i=1

Xi ≥ kx

)
≤ exp

(
− (x− c)2

2x(x+ 1)
k

)
c ≤ x ≤ 1

7.3 Epidemic on configuration model graph

Idea: explore half-edges when β-clock clicks.

Given a CM(
˜
d). Define:

• X(t): the number of active half-edges

• Sd(t): the number of susceptible vertices of degree d

• U(t): the number of unmatched half-edges

Rate of change:
dU

dt
= −2βX

dSd
dt

= −βX dSd
U

dX

dt
= −(β + γ)X − βX

X

U
+ βX

∑
d

dSd
U

(d− 1)
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Chapter 8

Information cascades, influence

maximization

Model: spread of information/innovation over social networks

8.1 Linear threshold model

At+1: inactive node v become active if
∑

u:neighbor of v buv > θv.

θn: i.i.d. thresholds, uniform in [0, 1].

Influence of S ⊆ V (G) I(S) = E[|A∞
∣∣A0 = S|]

8.2 Independent cascade model (KKT ’03)

Input: D = (V,E), matrix P = (puv)uv∈E of probabilities

Spreading process: every newly active node v ∈ At \At−1 gets one chance pvu to spread the information to u ̸∈ At

such that vu ∈ E.

Theorem 8.1. Finding max|S|=k I(S) is NP-complete in both models.

Definition 8.1. A monotonic increasing function f : 2V → R+, f(S) ≤ f(T ) if S ⊆ T is submodular iff

f(S ∪ {x})− f(S) ≥ f(T ∪ {x})− f(T ) ∀S ⊆ T

i.e. diminishing returns.

Lemma 8.1. I(S) is submodular for both models.
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Spectral methods

Motivation: define importance of webpage using only the WWW graph.

Algorithm 1: indegree. Importance of page i is equal to the number of pages linking to it, degini .

Problem: one site, many votes douti .

Algorithm 2: use scaled adjacency matrix Pij = 1
douti

Aij = D−1A. Importance of j is equal
∑

i Pij . Or,

iteratively, we have: π(j) =
∑

i π(i)Pij . Scale w.r.t. fraction of votes each vertex is sending in general.

9.1 General Markov Chain

Fix state space V = {1, . . . , n}.
Define ∆: a set of probability distributions π on V , M = (Muv): a stochastic matrix s.t. Muv ≥ 0,

∑
vMuv =

1 ∀u ∈ V .

Definition 9.1. A sequence of random variables X1, X2, · · · ∈ V is called homogeneous (not t-dependent) Markov

Chain with transition matrix M iff

Pr(Xt = vt
∣∣Xζ = vζ ∀ζ ≤ t− 1) = Pr(Xt = vt

∣∣Xt−1 = vt−1) =Mvt−1vt

Let µt(v) = Pr(Xt = v). Given µ0, we have:

µt(v) =
∑
u

Pr(Xt−1 = u) Pr(Xt = v
∣∣Xt−1 = u)

=
∑
u

µt−1(u)Muv

= (µt−1M)v = · · · = (µ0M
t)v

i.e.

µt = µ0M
t

Definition 9.2. π ∈ ∆ is called a stationary distribution of M iff π = πM .

Does π exist? Is it unique? Does µt → π?
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Existance Let v = (1, . . . , 1)T , (Mv)i =
∑

j Mijvj = 1 = vi. Thus, λ = 1 is always eigenvalue of the stochastic

matrix M .

Since λ = 1 is eigenvalue of M , then ∃ left eigenvector w ̸= 0 : wM = λw = w.

Normalize w s.t. ∥w∥1 =
∑

i |wi| = 1:

|wj | = |(wM)j | =

∣∣∣∣∣∑
i

wiMij

∣∣∣∣∣ ≤∑
i

|wi|Mij

Assume ∃j : |wj | <
∑

i |wi|Mij . Then
∑

j |wj | <
∑

i,j |wi|Mij =
∑

i |wi| = 1. Contradiction.

Therefore, |wj | = (|w|M)j . Set πi = |wi|.

Theorem 9.1 (Perron Frobenius).

• for all stochastic M , there exists π : πM = π

• for all stochastic M , ψM = λψ implies |λ| ≤ 1

• if M is irreducible, there exists unique stationary distribution π and π(v) > 0 v ∈ V

• if M is irreducible and aperiodic, d(t) → 0 as t→ ∞ (convergence to stationarity)

Definition 9.3. D: finite digraph, C: SCC of D.

i) Period of C is equal GCD of all cycle lengths in C

ii) D is aperiodic iff for all its SCCs C, period of C is 1

Definition 9.4. A digraph is strongly connected and thus irreducible if you can get from any vertex to any other

vertex via directed edges.

M is irreducible, aperiodic iff DM is strongly connected, aperiodic.

Theorem 9.2.

(a) If M is irreducible (i.e. eigenvalue λ = 1 has multiplicity exactly 1) and aperiodic

9.2 Mixing time

Total Variation Distance

dTV (µ, ν) = max
S⊆V

|µ(S)− ν(S)| = 1

2

∑
x∈V

|µ(x)− ν(x)|

µt,x(v) = (M tµ0,x)(v) =M t
xv

d(t) = max
x

dTV (µt,x, π)

d̃(t) = max
x,y

dTV (µt,x, µt,y)
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Mixing time

τ = min

{
t : d̃ ≤ 1

e

}

9.3 PageRank

Note that if µt → π, πM = π, π(i) is still not a good measure of importance of i, since sinks will get high π(i).

Solution: restart with probability α ∈ [0, 1]:

µt(v) = α
1

n
+ (1− α)

∑
u

µt−1(u)Puv

Thus, we have page rank of i equal π(i), where π is a stationary distribution s.t. π = πM .

Muv =
α

n
+ (1− α)Puv (9.1)

i.e.

π = α
1

n
1
1×n + (1− α)πP

where P is a transition matrix of a digraph and π → 1
n1

1×n as α→ 1.

How fast does PageRank converge

Theorem 9.3.

ϕ(t) ≤ (1− α)t ≤ e−αt

Proof.

Random walks Given directed graph D = (V,E) with adjacency matrix Auv = 1uv∈E , form random

sequence X0, X1, · · · ∈ V s.t. Xt+1 conditioned on Xt is a uniformly random out-neighbor of Xt:s

Pr(Xt+1 = v
∣∣Xt = u) = Puv

We study distribution of Xt as t→ ∞ and its convergence.

9.4 Spectrum, expansion, conductance

G = (V,E): non-oriented, connected.

Transition matrix for random walk: P = D−1A

Pij =

 1
di
Aij if di > 0

Iij

i.e. we add self-loops if there are no outgoing edges; where Dij = δijdi, di =
∑

j Aij .
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Transition matrix for lazy random walk that stays in the same place half of the time: P̃ = D−1/2AD−1/2

P̃ij =


1√
di
Aij

1√
dj

if di, dj > 0

Iij

where P̃ is symmetrized P .

P and P̃ are similar matrices since P̃ = D−1/2AD−1/2 = D1/2(D−1A)D−1/2 = D1/2PD−1/2.

Note that similar matrices have same eigenvalues.

Since P̃ is symmetric, all eigenvalues are real, all eigenvectors are orthogonal, λ2 = maxv⊥v1
vT P̃ v
vT v

. Given

eigenbasis V , we have P̃ t = V ΛtV T .

Stationary distribution π(i) = di
2|E| .

Consider a transition matrix of a digraph P =



1 0 0 0 0 0
1
2 0 1

2 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 0 1 0 0


.

Then, we have stationary distribution π = πP :

π(1) = π(1) +
1

2
π(2)

. . .

π(6) = 0

Applying PageRank π = α 1
n1

n×1 + (1− α)πP , we have:

π(1) =
α

n
+ (1− α)

[
π(1) +

1

2
π(2)

]
. . .

π(6) =
α

n

where n = 6.

Spectrum of P Pψi = λψi λi = 1 ≥ λ2 ≥ · · · ≥ λn ≥ −1.

Key: v = (1, . . . , 1)T is right eigenvector of P for eigenvalue λ1: v = Pv.

Spectrum of P̃ ψ1 : ψ1(i) =
√
π(i) is eigenvector for eigenvalue λ1.
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Orthogonal eigenvectors

(ψi, ψj)D = ψT
i Dψj = 0 ∀i ̸= j

Theorem 9.4 (Spectrum relation to mixing). For the lazy chain with transition matrix M = P+I
2 i.e. don’t move

with probability 1/2, we have:

λt2 ≤ d(t) ≤ λt2√
mini π(i)

Proof. Note that if G has k ≥ 2 connected components, then eigenvalue 1 of P has degeneracy at least k. Let

C1 = (V1, E1), . . . , Ck = (Vk, Ek) be components of G. We know that P makes no transitions between different

components, so 1 =
∑

v Puv =
∑

v∈V1
Puv yielding that the vector ψ(i) = 1vi is eigenvector with eigenvalue 1,

giving k lienarly independent eigenvectors. ■

By definition of µt,x(v) = P t
xv.

Choosing any x, y ∈ V such that they belong to difference clusters (connected compoents), we have:

dTV (µt,x, µt,y) =
1

2

∑
v

|µt,x(v)− µt,y(v)|

=
1

2

∑
v∈Vx

|µt,x(v)|+
1

2

∑
v∈Vy

|µt,y(v)|

=
1

2

∑
v∈Vx

µt,x(v) +
1

2

∑
v∈Vy

µt,y(v)

= 1

Thus, we have d̃(t) = maxx,y∈V dTV (µt,x − µt,y) = 1. ■

Thus, we have λ̃2 ≤ d̃(t) = 1. □

Note that λ2P̃ = λ2D
1/2ψ2 since

Theorem 9.5.
ϕ2

8
≤ 1− λ2 ≤ ϕ

where 1− λ2 is a spectral gap.

Theorem 9.6 (Expanders have small diameter). Given G = (V,E).

Define α = minS
|dS|
|S| = min0<|S|≤n

2

cut(S,SC)
|S| .

Then, ∃Cdmax,α : diam(G) ≤ 2 + 2 logCdmax,α

n
2 .

Proof.

dmax|Si+1 \ Si| ≥ |dSi| ≥ α|Si|

i.e. |Si+1 \ Si| ≥ α
dmax

|Si|.
Consider tx = min

{
t : |St| < n

2

}
. Then, we have |St| ≤ n

2 t = 1, . . . , tx − 1 and |St| = |St−1| + |St \ St−1| ≥

|St−1|
(
1 + α

dmax

)
= |S0|

(
1 + α

dmax

)t
= Ct where |S0| = |{x}| = 1.

Thus, we have n
2 ≥ |Stx−1| ≥ Ctx−1, and 1 + logC

n
2 ≥ tx.

Similarly, same holds for any other vertex y ∈ V and ty.

Note that we have diamG = maxx,y∈V dist(x, y) ≤ tx + ty ≤ 2 + 2 logC
n
2 .
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Theorem 9.7 (Your friends have more friends than you). For any graph G, we have:

d∗(G) ≥ d̄(G)

where d∗(G): average degree of neighbors.

Proof. Let A be adjacency matrix of G. Then, we have di =
∑

j Aij :

d∗i =
1

di

∑
j

Aijdj

Thus, we have:

d∗(G) =
1

n

∑
i

d∗i

=
1

n

∑
i

1

di

∑
j

Aijdj

=
1

n

∑
ij

Aij
dj
di

(di − dj)
2 ≥ 0;

di
dj

+
dj
di

≥ 2 ∀i, j

=
1

n

∑
i≤j

Aij

(
di
dj

+
dj
di

)
≥ 1

n
2
∑
i≤j

Aij Aij = Aji

= d̄(G)

9.5 Spectral clustering (K-Means)

• Solve Pψ2 = λ2ψ2 where λ2: second largest eigenvalue.

• Output: S = {i ∈ V : ψ2(i) ≤ α}.

• Either (a) optimize α or (b) sign cut α = 0

Theorem 9.8.

1− λ2 ≤ ϕ ≤ ϕ(S)

Problem 9.1. Two planted communities

1− λ = 1− n1n2(ab− ϵ2)

D1D2

Problem 9.2. Laplacian on graphs with several connected components

(D −A)ψ = Lψ = ΛDψ

where Λ = 1− λ.
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Note that the Laplacian is PSD:

ψT (D −A)ψ =
1

2

∑
x,y∈V

(ψx − ψy)
2Axy ≥ 0
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Chapter 10

Reference

Binomial theorem

(a+ b)n =

n∑
k=0

(
n

k

)
an−kbk

Partial sums

Sn =
a(1− r)n

1− r∑
k≥0

krk =
r

(1− r)2
r ∈ (0, 1)

PGFs, MGFs

Taylor expansion Taylor expansion of a function f around a point a up to order n for some ξ between a and

x:

f(x) =
n∑

k=0

f (k)(a)

k!
(x− a)k +Rn(x)

Lagrange remainder

Rn(x) =
f (n+1)(ξ)

(n+ 1)!
(x− a)n+1

Integral form

Rn(x) =
1

n!

∫ x

a
f (n+1)(t)(x− t)ndt

Asymptotic form

f(x) =

n∑
k=0

f (k)(a)

k!
(x− a)k + o((x− a)n) given x→ a

Fundamental Theorem of Calculus

d

dx

∫ x

a
f(t)dt = f(x)∫ b

a
f ′(x)dx = f(b)− f(a)
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