
Contents

1 Probability axioms 3

0.1 Probability space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

0.2 Law of Total Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

0.3 Union bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Discrete and continuous RV 6

1 DRV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.1 Uniform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Bernoulli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Binomial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Poisson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 Geometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 CRV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 Uniform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Exponential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Gaussian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 General . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.1 Law of Iterated Expectation (LIE) . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.2 Law of Total Variance (LTV) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.3 Tail Sum Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.4 Variance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.5 Variance of the sum of RVs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.6 Covariance and correlation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.7 Dervided distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.8 Order statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.9 Convolutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.10 Change of variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1



EECS 126 Midterm 1 Spring 2025

3 PMF, PDF, conditional PDF and MGF 17

1 Conditional PDF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 MGF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Concentration inequalities 20

0.1 Markov’s inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

0.2 Chebyshev’s bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

0.3 Chernoff’s bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

5 Convergence 22

1 WLLN, SLLN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2 CLT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Spring 2025, taught by Professor Kannan Ramchandran.

2



Chapter 1

Probability axioms

0.1 Probability space

A probability space: (Ω,F , P ):

• Ω: a set of all possible outcomes e.g. a binary string of length 2n with n ones

• F : a set of all events (each event has 0 or more outcomes, |F| = 2|Ω|)

• P : assignment of probability to event. Uniform sample space: P (A) = |A|
|Ω| e.g. P (w) = 1

(2nn )

Problem: There are n red and n blue balls.

Find E[N ], where N is the number of balls with the same color as the previous ball in the draw.

Solution: LetXi be an indicator variable, whether balls i and i−1 share the same color, for i = 2, . . . , 2n.

Then, we have: E[Xi] =
n−1
2n−1

, since we ”fix” a color of ith ball.

Thus, we have: E[N ] = E[
∑2n

i=2 Xi] =
∑2n

i=2 E[Xi] = (2n− 2 + 1) · n−1
2n−1

= n− 1.
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0.2 Law of Total Probability

Given disjoint events Ai for i = 1, . . . , n that partition the sample space Ω:

P(B) =
n∑

i=1

P(B ∩ Ai) =
n∑

i=1

P(B|Ai) · P(Ai)

Problem: Let Ai = {exactly i bins are empty}.
Define B = {all empty bins sit to the left of all bins containing at least one ball}.

(a) Find P(B) in terms of Ai’s.

(b) Calculate P(A1).

Solution:

(a) Using the Law of Total Probability:

P(B) =
n∑

i=1

P(B ∩ Ai) =
n∑

i=1

P(B|Ai) · P(Ai) =
n∑

i=1

1(
n
i

) P(Ai)

Note that the only relevant outcome for event A1 is 0211 . . . 11, where ith value in the string is equal

to the number of balls at bin i.

(b) A1 = {exactly one bin is empty}, so it has to be some permutation of {0, 2, 1, . . . , 1}.

• n ways to choose an empty bin

• n− 1 ways to choose a bin with two balls

•
(
n
2

)
to choose those two balls

• (n− 2)! ways to arrange (order matters) remaining n− 2 balls into n− 2 bins

P(A1) =
n(n−1)(n2)(n−2)!

nn =
n!(n2)
nn .
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0.3 Union bound

Given random variables Ai for i = 1, 2, . . . , N , the union bound is:

P(
⋃N

i=1 Ai) ≤
∑N

i=1 P(Ai)

If events A1, . . . , AN are disjoint,
∑N

i=1 P(Ai) = P(
⋃N

i=1Ai) ≤ 1.

Figure 1.1: MT1 SP23 Q2.
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Chapter 2

Discrete and continuous RV

1 DRV

X : Ω → R, e.g. Ω = {1, 2, . . . , 6} for a dice.

E[X] =
∑

x xP(X = x).

E[X|Y ] =
∑

x xP(X = x|Y ).

1.1 Uniform

X ∼ Unif{1, . . . , n}.
E[X] =

∑n
i=1 i ·

1
n
= 1

n
· n(n+1)

2
= n+1

2
.

var(X) = n2−1
12

.

1.2 Bernoulli

X ∼ B(p), where X =

{
1 with probability p

0 with probability 1− p

E[X] = p.

var(X) = E[X2]− (E[X))2 = p− p2 = p(1− p).

1.3 Binomial

X ∼ Bin(n, p) is n independent Bernoulli trials.

P(X = k) =
(
n
k

)
pk(1− p)n−k.

E[X] =
∑∞

k=1 k · PX(k) =
∑∞

k=1 k
(
n
k

)
pk(1− p)n−k.

Note: E[X] = E[X1 +X2 + · · ·+Xn] = E[X1] + E[X2] + · · ·+ E[Xn] = np.

var(X) = np(1− p).

Note: Bernoulli trials are independent, so the variance adds up.
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1.4 Poisson

X ∼ Poiss(λ).

P(X = k) = e−λλk

k!
x = 0, 1, 2, . . .

MX(s) =
∑∞

k=0 e
sk e−λλk

k!
= e−λ

∑∞
k=0

(esλ)k

k!
= e−λ · eλes = e−λ+λes .

E[X] =
∑∞

k=0 k · e−λλk

k!
= λe−λ

∑∞
k=1

λk−1

(k−1)!
= λ.

Note: E[X] = M ′
X(s) = λese−λ+λes

∣∣
s=0

= λ.

var(X) = λ.

Note: E[X2] = M ′′
X(s) = λ[ese−λ+λes + λe2se−λ+λes ]

∣∣
s=0

= λ(1 + λ).

Note:
∑∞

n=0 a
n = 1

1−a
and

∑∞
n=0

xn

n!
= ex is a Maclaurin expansion of Taylor series.

Poisson merging

Let X ∼ Poiss(λ), Y ∼ Poiss(µ) be independent RVs. Then X + Y ∼ Poiss(λ+ µ).

Poisson splitting

If X ∼ Poiss(λ), Y |X = x ∼ Bin(x, p), then Y ∼ Poiss(λp).

Proof. P(Y = y) =
∑

x P(Y = y|X = x) · P(X = x).

1.5 Geometric

X ∼ Geom(p).

P(X = k) = p(1− p)k−1.

E[X] =
∑∞

k=1 k · p(1− p)k−1.

Note: Use Tail Sum Formula: E[X] =
∑∞

k=1 P(X ≥ k) =
∑∞

k=0(1− p)k = 1
p
.

Note: Use memoryless property:

E[X] = E[X|X = 1] · P(X = 1) + E[X|X > 1] · P(X > 1)

= 1 · p+ (1 + E[X]) · (1− p) ≖
1

p

(2.1)

var(X) = 1−p
p2

.

Note: Given g(X) = X2:

E[g(X)] = E[g(X)|X = 1] · P(X = 1) + E[g(X)|X > 1] · P(X > 1)

= g(1) · p+ E[g(X + 1)] · (1− p) ≖
2− p

p2

(2.2)
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Memoryless property of Geometric distribution

For integers s > t > 0, P(X > s|X > t) = P(X > s− t) and P(X = s|X > t) = P(X = s− t).

Proof. P(X > s|X > t) = P[(X>s)∩(X>t)]
P(X>t)

= P(X>s)
P(X>t)

= (1−p)s

(1−p)t
= (1− p)s−t.

8
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2 CRV

General formulas.

Leibniz integral rule: d
dx

(∫ b(x)

a(x)
f(x, t)dt

)
= f(x, b(x)) · d

dx
b(x)− f(x, a(x)) · d

dx
a(x).

Fundamental Theorem of Calculus: d
dx

∫ x

a
f(t)dt = f(x) .

P(a ≤ X ≤ b) =
∫ b

a
fX(x)dx.

P(x ≤ X ≤ x+ ϵ) =
∫ x+ϵ

x
fX(t)dt ≈ ϵfX(x).

FX(x) =
∫
−∞∞fX(x)dx = P(X ≤ x).

FX(∞) = 1, FX(−∞) = 0.
d
dx
FX(x) = fX(x).

fX(x) =
∫
fX,Y (x, y)dy.

Conditional PDF: fX|Y (x|y) = fX,Y (x,y)

fY (y)
=

fX(x)fY |X(y|x)
fY (y)

.

2.1 Uniform

X ∼ Unif([a, b]).

fX(x) =
1

b−a
.

FX(x) =


0 if x < a

x−a
b−a

if x ∈ [a, b]

1 if x > b

MX(s) =
∫ b

a
esx 1

b−a
dx = esb−esa

s(b−a)
.

E[X] = a+b
2
.

var(X) = (b−a)2

12
.

2.2 Exponential

X ∼ Exp(λ).

fX(x) = λe−λx, where x ≥ 0.

FX(x) =
∫ x

0
λe−λθdθ = 1− e−λx.

MX(s) = E[esX ] =
∫∞
0

λe−λxesxdx = λ
∫∞
0

e(s−λ)xdx =

{
∞ for s ≥ λ
λ

λ−s
for s < λ

E[X] = M ′
X(s) =

λ
(λ−s)2

∣∣
s=0

= 1
λ
.

E[X2] = M ′′
X(s) =

2λ
(λ−s)3

∣∣
s=0

= 2
λ2 .

var(X) = E[X2]− (E[X])2 = 2
λ2 − 1

λ2 = 1
λ2 .

Note: Has a memoryless property like Geometric! P(X > s+ t|X > s) = P(X > t), where 0 < s < t.

Problem: Exponential queue.

There are two cashiers. First one has a sevice time X1 ∼ Exp(λ1), second one X2 ∼ Exp(λ2).

9
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Say you go to the first available cashier. There are two people ahead of you, at the first and seconds

cashiers.

Suppose we know λ1 < λ2, i.e. the first cashier is slower.

(a) Find p1, the probability the first cashier finishes before the second cashier.

(b) Find the probability that you are the last person to leave out of three.

(c) Find E[Y |Z], where Y = max(X1, X2), Z = min(X1, X2).

(d) Compute the joint density X1 and X1 +X2.

Solution:

(a) Using Law of Iterated Expectation:

P(X1 < X2) = E[P(X1 < X2|X1)] = E[e−λ2X1 ] =

∫ ∞

0

e−λ2x1λe−λ1x1dx1

= λ

∫ ∞

0

e−x1(λ1+λ2)dx1 =
λ1

λ1 + λ2

(2.3)

(b) Note that we want to minimize the wait time, and will choose the cashier that we believe will

finish faster. Thus, we will choose the first cashier with probability p1 and the second cashier with

probability p2 = 1 − p1. We need to account for the cases when the chosen cashier is not the first

one to finish:

p1 · p2 + p2 · p1 = 2p1p2

(c) Due to memoryless property, we ”take no breaks between trials” and the already passed time Z does

not matter:

E[Y |Z] = Z + p1 · E[X2] + p2 · E[X1] = Z +
p1
λ2

+
p2
λ1

(d) Consider the joint CDF:

FX1,X1+X2(x, z) = P(X1 ≤ x,X1 +X2 ≤ z) =

∫ ∞

−∞
P(X1 ≤ x,X1 +X2 ≤ z|X1 = x1)fX1(x1)dx1

=

∫ x

−∞
P(X2 ≤ z − x1)fX1(x1)dx1

=

∫ x

−∞
FX2(z − x1)fX1(x1)dx1

(2.4)
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Differentiating both sides, we have:

fX1,X1+X2(x, z) =
d

dx1

d

dz
FX1,X1+X2(x, z) =

d

dx

∫ x

−∞
fX2(z − x1)fX1(x1)dx1 = fX2(z − x)fX1(x)

(2.5)

Note that we are applying the Fundamental Theorem of Calculus here: d
dx

∫ x

a
f(t)dt = f(x) .

Problem: Let Xi ∼ Exp(λ) be independent for 1 ≤ i ≤ n.

Let M = min(X1, . . . , Xn).

Solution: P(M > m) = P(X1 > m ∩ . . . Xn > m) = P(X1 > m) · · · · · P(Xn > m), since independent.

Then, we have: P(M > m) = e−nλm.

Thus, we have: FM(m) = 1− e−λnm and M ∼ Exp(λn).

Problem: Let X, Y ∼ U([0, 1]).

Solution: Note that P(Y > X) = P(Y < X) = 1
2
by symmetry.

E[Y |min(X, Y ) = z] = P(Y ≥ X) · E[Y |z ≤ Y ≤ 1] + P(Y < X) · E[Y |Y = z]

=
1

2

1

1− z

∫ 1

z

ydy +
1

2
z =

1

2

1

1− z

1− z2

2
+

1

2
z =

3z + 1

4

(2.6)

2.3 Gaussian

X ∼ N (µ, σ2).

fX(x) =
1√
2πσ2

e−
(x−µ)2

2σ2 .

MX(s) = e
σ2s2

2
+µs.

Standard Gaussian

X ∼ N (0, 1).

fX(x) =
1√
2π
e−x2/2.

1√
2π

∫∞
−∞ e−αx2/2dx = 1√

α
.

MX(s) = E[esX ] = 1√
2π

∫∞
−∞ esxe−x2/2dx = 1√

2π

∫∞
−∞ e−

(x2−sx)
2 dx = 1√

2π

∫∞
−∞ e−

[(x−s)2−s2]
2 dx ≖ es

2/2.

If Y = σX + µ, i.e. Y ∼ N (µ, σ2), then MY (s) = esµMX(σs) = e
σ2s2

2
+µs.

E[X] = 0.

var(X) = 1.

11



EECS 126 Midterm 1 Spring 2025

• E[X2] =
∫∞
−∞ x2 1√

2π
e−

x2

2 dx = 1 = var(X) + E[X].

• E[X3] = M ′′′
X (s)

∣∣
s=0

= 3.

Problem: Consider Z = X + Y , where X ∼ N (µX , σ
2
X), Y ∼ N (µY , σ

2
Y ) are i.i.d.

Find fZ(z).

Solution: First, let’s simplify: µX = µY = 0, σ2
X = σ2

Y = 1.

MZ(z) = MX(s) ·MY (s) = es
2/2 · es2/2 = es

2
.

Thus, fZ(z) ∼ (0, 2).

Problem: Find P(X > Y ), where X ∼ N (0, 1), Y ∼ N (2, 3) are independent.

Solution: Consider Z = X − Y . Note that Z ∼ N (µX − µY , σ
2
X + σ2

Y ) = N (−2, 4).

P(X > Y ) = P(X − Y > 0) = P(N (−2, 4) > 0) = P
(
Z + 2√

4
>

0 + 2√
4

)
= P(N (0, 1) ≥ 1) = 1− Φ(1)

Jointly Gaussian independent RVs

Given independent X ∼ N (µ, σ2
1) and W ∼ N (0, σ2

2). Consider Y = X +W , where Y ∼ N (µ, σ2
1 + σ2

2).

X − cov(X,Y )
var(Y )

(Y − µ) is independent of Y .

In general, X − E[X|Y ] is independent of Y .
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3 General

3.1 Law of Iterated Expectation (LIE)

E[X] = E[E[X|Y ]]

where E[X|Y ] = g(Y ) and is a RV.

Proof.

E[E[X|Y ]] =
∑
y

E[X|Y = y] · P(Y = y) =
∑
y

∑
x

x · P(X = x|Y = y) · P(Y = y)

=
∑
x

x
∑
y

P(X = x, Y = y)

=
∑
x

x · P(X = x) = E[X].

(2.7)

Figure 2.1: MT1 SP23 Q3.

3.2 Law of Total Variance (LTV)

var(X) = E[var(X|Y )] + var(E[X|Y ])

Problem: Let R ∼ Unif{1, 2, 3, 4, 5} and S ∼ N (R,R/2).

Solution: E[S] = E[E[S|R]].

Note that E[S|R] = R, since R is the mean of the Gaussian.

Then, we have: E[S] = E[R] =
∑

r r · P(R = r) = 1
5

∑5
i=1 i =

1
5
30
2
= 3.

Note that var(S|R) = R/2, since R/2 is the variance of the Gaussian.

var(S) = E[var(S|R)] + var(E[S|R]) = E[R/2] + var(R).

13
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3.3 Tail Sum Formula

Let X be a RV that takes values only in N. Then, E[X] =
∑∞

k=1 P(X ≥ k).

Proof. E[X] =
∑∞

k=1 k PX(k) =
∑∞

k=1(
∑k

l=1 1)PX(k) =
∑∞

l=1

∑∞
k=l PX(X = k) =

∑∞
l=1 P(X ≥ l).

3.4 Variance

var(X) = E[(X − E[X])2] = E[X2]− (E[X])2.

3.5 Variance of the sum of RVs

Let X, Y be RVs, then var(X + Y ) = var(X) + var(Y ) + 2 cov(X, Y ).

Corollary. If X, Y are independent, then var(X + Y ) = var(X) + var(Y ).

Corollary. var(2X) = 2 var(X) + 2 cov(X,X) = 4 var(X).

3.6 Covariance and correlation

cov(X, Y ) = E [(X − E[X]) · (Y − E[Y ])] = E[XY ]− E[X]E[Y ].

• If cov(X, Y ) = 0, then X, Y are uncorrelated.

• If cov(X, Y ) > 0, then when X increases, Y tends to increase.

• If cov(X, Y ) < 0, then when X decreases, Y tends to decrease.

Properties:

1. cov(X, Y ) = cov(Y,X).

2. cov(X,X) = var(X).

3. cov(αX + β, Y ) = α cov(X, Y ).

4. cov(X + Y, Z) = cov(X,Z) + cov(Y, Z).

Correlation coefficient: ρ = cov(X,Y )√
var(X) var(Y )

∈ [−1, 1].

Problem: Given independent X ∼ N (µ, σ2
1) and W ∼ N (0, σ2

2). Consider Y = X + W , where Y ∼
N (µ, σ2

1 + σ2
2).

Find cov(X, Y ).

14
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Solution: cov(X,X +W ) = cov(X,X) + cov(X,W ) = var(X) + 0 = σ2
1.

Problem: Toss a fair coin three times.

Define X = number of Heads in first 2 tosses and Y = number of Heads in all 3 tosses.

Solution: Note that X ∼ Bin(2, 1/2) and Y ∼ Bin(3, 1/2).

Let Y = X + Z, where Z ∼ Bernoulli(1/2).

Note that X and Z are independent, so cov(X,Z) = 0.

cov(X, Y ) = cov(X,X + Z) = var(X) + cov(X,Z) ≖ 21
2
(1− 1

2
) = 1

2
> 0.

Intuitively, if there are more Heads in the first two tosses, there will be more Heads in all three tosses.

3.7 Dervided distributions

If a RV Y = g(X) for some other RV X, then E[Y ] = E[g(X)].

3.8 Order statistics

Problem: Let X1, . . . , Xn be i.i.d. RVs with common density fX(x) and CDF FX(x).

Let X(k) be the kth smallest of (X1, . . . , Xn).

X(1) is the minimum, X(n) is the maximum.

What is the density fX(k)(x) of X(k)?

Solution: Note that P(X(k) ∈ (x, x+ dx)) ≈ fX(k)(x)dx.

In order for the kth smallest to lie on the interval (x, x+ dx):

• k − 1 points should lie on (−∞, x)

• one point should lie on (x, x+ dx)

• remaining n− k points should lie on (x+ dx,∞)

Thus, we have:

fX(k)(x)dx ≈ P(X(k) ∈ (x, x+ dx)) =

(
n− 1

k − 1

)
FX(x)

k−1 · nfX(x)dx · (1− FX(x))
n−k (2.8)

Problem: Let variables be Uniform, so Xi ∼ U([0, 1]), i.i.d. Find E[X(k)] (see homework).
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Solution: Note that
∫ 1

0
tm(1− t)ndt = m!n!

(m+n+1)!
.

E[X(k)] =

∫ 1

0

xfX(k)(x)dx =

∫ 1

0

x ·
(
n− 1

k − 1

)
FX(x)

k−1 · nfX(x) · (1− FX(x))
n−kdx

= n

(
n− 1

k − 1

)∫ 1

0

x · xk−1 · 1 · (1− x)n−kdx = n

(
n− 1

k − 1

)∫ 1

0

xk(1− x)n−kdx

= n
(n− 1)!

(n− k)!(k − 1)!

k!(n− k)!

(n+ 1)!
=

k

n+ 1

(2.9)

Problem: Let variables be Exponential, so Xi ∼ Exp(λ), i.i.d. Find E[X(k)].

Solution: Using the memoryless property, we can represent X(k) = Y1 + · · · + Yk, where Yi is a waiting

time between X(i−1) and X(i).

Note that Yi is the minimum among remaining n−i+1 variables, and Yi’s are distributed with different

rates λi.

Y1 = min(X1, . . . , Xn) ∼ Exp(λn). Similarly, Y2 ∼ Exp(λ(n− 1)), etc.

Then, we have:

E[X(k)] = E[Y1 + · · ·+ Yn] =
n∑

i=1

E[Yi]

=
n∑

i=1

1

λ(n− i+ 1)
=

1

λ

n∑
i=1

1

n− i+ 1

(2.10)

3.9 Convolutions

Given Z = X + Y .

Note that fZ|X(z|x) = fY (z − x):

FZ|X(z|x) = P(Z ≤ z|X = x) = P(X + Y ≤ z|X = x) = P(x+ Y ≤ z) = P(Y ≤ z − x) = FY (z − x)

Then, we have a convolution:

fZ(z) = fX+Y (z) =

∫ ∞

−∞
fX(x)fZ|X(z|x)dx =

∫ ∞

−∞
fX(x)fY (z − x)dx = (fX ∗ fY )(z)

3.10 Change of variables

See discussion 3 Q1.
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Chapter 3

PMF, PDF, conditional PDF and MGF

PMF (Probability Mass Function) = PDF, but for discrete RV of the form P(X = k).

1 Conditional PDF

Problem: Consider Y = αX + Z, where X,Z ∼ N (0, 1) are i.i.d.

Find the consitional density of X|Y .

Solution: Then, Y ∼ N (0, α2 + 1) and Y |X = x ∼ N (αx, 1). Note that Y |x = αx+ Z with mean αx.

Using the Bayes rule fX|Y =
fX(x)fY |X(y|x)

fY (y)
, we have:

fX|Y =
1√

2π 1
α2+1

e

−
(
x− α

α2+1
y

)2

2· 1
α2+1 (3.1)

i.e. X|Y = y ∼ N ( α
α2+1

y, 1
α2+1

).

Then, we have: E[X|Y = y] = α
α2+1

y and E[Y |X = x] = αx.

2 MGF

Taylor expansion: esX = 1 + sX + s2X2

2!
+ s3X3

3!
+ . . . .

Here, X is a RV and s is a parameter:

MX(s) = E[esX ] = 1 + sE[X] +
s2

2!
E[X2] +

s3

3!
E[X3] + . . .

In general, dn

dsn
E[esX ]

∣∣
s=0

= E[Xn].

Moment-generating function of:

17
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• a continous RV X: MX(s) = E[esX ] =
∫∞
−∞ fX(x) · esxdx.

• a discrete RV X: MX(s) = E[esX ] =
∑

k P(X = k) · esx.

Problem: MX(s) =
1
2
e−3s + 1

4
e2025s + 1

4
es.

Solution: Recognize discrete pattern: MX(s) =
∑

k e
sk P(X = k).

Then, we have: X =


−3 with probability 1

2

2025 with probability 1
4

1 with probability 1
4

Properties:

1. MX(0) = 1 (region of convergence).

2. If Y = αX + β, MY (s) = E[esY ] = E[es(αX+β)] = E[esαX · esβ] = esβ E[esαX ] = esβMX(αs).

3. If Z = X + Y , X, Y are independent RVs, then:

MZ(s) = E[esZ ] = E[es(X+Y )] = E[esX · esY ] = MX(s) ·MY (s)

In general, if Z =
∑n

i=1Xi, when Xi’s are independent, we have:

MZ(s) =
n∏

i=1

MXi
(s)

4. Joint MGF: MX1,X2,...,Xn(s1, s2, . . . , sn) = E[es1X1+s2X2+···+snXn ] =
∏n

i=1 MXi
(si).

For example, for independent X, Y , we can show independence of X − Y, X + Y :

MX−Y,X+Y (s1, s2) = E[es1(X−Y )+s2(X+Y )] = E[e(s1+s2)X+(s2−s1)Y ] = E[e(s1+s2)X ] · E[e(s2−s1)Y ].

Note: MGF is always unique and strictly positive!

Problem: Consider Z = X2 + Y 2, where X, Y ∼ N (0, 1), i.i.d.

Find the density of Z.

Solution: Use MGF!

MX2+Y 2(s) = MX2(s)MY 2(s).

We have:

MX2(s) = E[esX2

] =

∫ ∞

−∞
esx

2

fX(x)dx =

∫ ∞

−∞
esx

2 1√
2π

e−x2/2dx =
1√
2π

∫ ∞

−∞
e−(1−2s)x2/2dx =

1√
1− 2s

18
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Thus:

MX2+Y 2(s) =
1

1− 2s
=

1/2

1/2− s

and Z ∼ Exp(1/2). Therefore, PDf of Z is λe−λz = 1
2
e−z/2.

Problem: Consider a coin that turns Heads with probabiltiy p. For a given integer k ≥ 1, let N denote

the number of independent flips until we see exactly k Heads.

Find PMF of N , MN(s) and var(N).

Solution: Note that N is a DRV.

For the number of flips to be N = n, we need the nth toos to be Heads, and the previous n− 1 tosses

to have exactly k − 1 Heads.

The PMF of N is:

P(N = n) =

(
n− 1

k − 1

)
pk(1− p)n−k

LetN = X1+· · ·+Xk, whereXi is a number of flips is takes for ith Heads to show up, i.e. Xi ∼ Geom(p).

Then, we have:

MN(s) =
k∏

i=1

MXi
(s)

where MXi
(s) = E[EsXi ] =

∑
x P(X = x) · esx =

∑∞
x=1 p(1− p)x−1esx = pes

∑∞
x=0[e

s(1− p)]x = pes

1−es(1−p)
.

Thus, we have:

MN(s) =

(
pes

1− es(1− p)

)k

Note that var(N) = var(X1 + · · ·+Xk) =
∑k

i=1 var(Xi), since Xi’s are independent.

Therefore:

var(N) = k · 1− p

p2
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Chapter 4

Concentration inequalities

Limit behavior of RVs. We observe a sequence of i.i.d. RVs: X1, . . . , Xn ∼ X.

Let Mn =
∑n

i=1 Xi

n
be the sample mean.

1. E[Mn] = E[X], i.e. an unbiased estimate.

2. var(Mn) =
var(X)

n
, assuming var(X) < ∞.

As n → ∞, E[Mn] = E[X], but var(Mn) → 0, i.e. starts to be more deterministic.

Tail bounds: upper bound on probability that a RV deviates from its mean or central value.

What happens to the ”deviation” |Mn − E[X]| as n gets large?

Concentration bounds: how tightly a RV concetrates around its mean or central value.

How fast does var(Mn) → 0?

20
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0.1 Markov’s inequality

If a random variable X ≥ 0, then P(X ≥ a) ≤ E[X]
a

for a constant a > 0.

Proof. 1X≥a ≤ x
a
. Take E[·]: E[X ≥ a] ≤ E[X]

a
.

0.2 Chebyshev’s bound

P(|X − E[X]| > c) ≤ var(X)

c2

Proof. P(|X − E[X]| ≥ c) = P ((X − E[X])2 ≥ c2) ≤ E[(X−E[X])2]
c2

= var(X)
c2

.

0.3 Chernoff’s bound

P(X ≥ a) = P(esX ≥ esa) ≤ E[esX ]
esa

=
MX(s)

esa
∀s > 0

Solve for the smallest RHS, so the tightest bound!

• P(X ≥ a) ≤ infs>0
MX(s)
esa

.

• P(X ≤ a) ≤ infs<0
MX(s)
esa

.

Problem: Let X ∼ Bin(n, p). Upper bound P(X ≥ αn), where p < α < 1.

Solution: X = Y1 + · · ·+ Yn, where Yi ∼ Bernoulli(p) are independent.

Note that MYi
(s) = E[esYi ] = es · p+ e0 · (1− p) = pes + 1− p.

MX(s) =
∏n

i=1MYi
(s) = (MYi

(s))n ≖ (pes + 1− p)n.

Then, we have:

P(X ≥ αn) = inf
s>0

MX(s)

esαn
= inf

s>0
e−αns(pes + 1− p)n (4.1)

−αne−αns(pes + 1− p)n + e−αnsn(pes + 1− p)n−1pes = 0.

Thus, it is minimized at s = ln
(

α(1−p)
p(1−α)

)
.
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Chapter 5

Convergence

1 WLLN, SLLN

• WLLN: every function of samples goes to mean.

• SLLN: every realization of samples goes to mean.

Convergence in probability. Given X1, . . . , Xn
p→ X,

lim
n→∞

P(|Xn −X| ≥ ϵ) = 0 ∀ϵ

Weak Law of Large Numbers. If X1, . . . , Xn ∼ X are i.i.d. RVs with mean E[X] = µ and finite

variance,

P

(∣∣∣∣∣ 1n
n∑

i=1

Xi − µ

∣∣∣∣∣ ≥ ϵ

)
→ 0 as n → ∞

i.e. ∀ϵ, σ > 0 : ∃N(ϵ, σ) s.t. P(|Mn − µ| ≥ ϵ) < σ ∀n > N(ϵ, σ).

Note: Mn
p→ E[X].

Remark: ϵ captures ”accuracy level”, σ captures ”confidence level”.

Proof. Note that E[Mn] = µ, the true mean.

Let var(Xi) = σ2
X < ∞, so var(Mn) = ( 1

n
)2n var(X) =

σ2
X

n
.

Apply Chebyshev: P (|Mn − µ| ≥ ϵ) ≤ var(Mn)
ϵ2

=
σ2
X

nϵ2
→ 0 as n → ∞.

We say Mn
p→ µ (”Mn converges to µ in probability”).

Strong Law of Large Numbers.

22



EECS 126 Midterm 1 Spring 2025

2 CLT

Central Limit Theorem.

lim
n→∞

P(Zn ≤ x) = Φ(x) ∀x

where Φ(x) =
∫ x

−∞
1√
2π
e−t2/2dt.
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(Blank.)
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