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Chapter 1

Vector spaces

1.1 Formal systems
By definition, R and C are fields.
Proposition. Properties of complex arithmetic:
. commutativity
. associativity
. identities
. additive inverse
. multiplcative inverse
. distributive property

Definition. A field is a set with at least two distinct elements 0 and 1, and two operations of addition and

multplication, satisfying all properties in Proposition 1.

Definition. Let G be a set. A binary operation is a map of sets: *: G x G — G.
Addition 4+ and multiplication x are binary operations.

Theorem (Remainder Theorem). Given a,b € Z, if b > 0, then 3lg,r € Z such that a = bg + r with
0<r<hb.

Lemma (Euclid’s Lemma). Let p be a prime number and a,b € Z. Then
plab = plaord

Theorem (Fundamental Theorem of Arithmetic). Every positive integer a > 1 can be written as a product
of primes

a=pps...
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uniquely up to ordering.
Definition. A group is a set G with a binary operation * such that
1. (axb)xc=ax(bxc) Va,b,ce G (associativity)
2. Je € G such that axe =exa=a Va € G (identity)
3. given a € G : 3b € G such that a *b = bx*a = e (inverse)
A set with a binary operation is called a monoid if only the first two properties hold.

Definition. A group (G, *) is called Abelian if it also satisfies
axb=b*xa abeG

(commutative property).

Definition. A ring is a set R with two binary operations + (addition) and x (multiplication) such that
1. R is an Abelian group under addition
2. R is a monoid under multiplcation (inverses do not necessarily exist)

3. + and x are related by the distributive law

(x+y)xz=zxz+yxzexXy+zxz Vr,y,z€ R

Isomorphism theorem

Definition. Let R be a ring. An ideal I C R is a subset which is a subgroup under addition and is closed
under both left and right multiplicaiton by all of R.

Veel:xr,reel YreR

Proposition. R\I is a ring under the natural operations. We call it the quotient ring.
Definition. A field is a commutative division ring.

Polynomial ring

Galois theory

(Z,+): an Abelian group, (Z,+, x): a ring, (Q, +, x): field.

(R™, +, scalar multiplication): vector spaces over R.
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1.2 Definition of vector space

The elements of the field F' are called scalars, and the elements of a vector space V are called vectors.
Proposition. Op € I, 0y € V.

Example. Let 7 = {all functions f : R — R}. (F,+,-) is a vector space over R.
More generally, define some set S and some field F. Let F° = {all functions f : S — F}. Then, (F°, +,-) is

a vector space over F'.

Definition. A vector space V over a field F' is a set equipped with two operations + (addition) and - (scalar
multiplication) s.t. Vx,y € V:Jx +y € V and Va € F,Vx € V : Jax € V (i.e. closed under addition and scalar

multiplication) where following conditions hold:
1. Vx,y € V, x +y =y + x (commutativity)
2. Vx,y,z €V, (x+y)+2z=ux+ (y+ z) (associativity)
3. 30 € V such that z + 0 =2 Vz € V (zero element)
4. Vx € V : Jy € V such that x + y = 0 (additive inverse)
5. Vx €V, 1-x =z (identity)
6. Ya,be F,Nz €V, (a-b)-x=a-(b-x)
7. Yae FNer,yeV, a - (z+y)=a-x+a-y
8. Va,be FNx €V, (a+b)-z=a-z+b-x
Proposition. Both + (addition) and - (scalar multiplication) satisfy axioms:
(1) commutativity Vu e V,Yo e V:iu+v=v+u
(2) associativity
3) Wy eV:iv+0y=v YoeV
4) YveV:3we Vst v+w=0y
Theorem (Uniqueness of Oy € V). Suppose 0 € V and 0’ € V both satisfy (3). Then 0 =0'.

Proof.
0=0+0=0+0=0

Theorem (Uniqueness of additive inverse). Let v € V; suppose v +w = 0 and v + w’ = 0. Then w = w’.

Proof.
w=w+0=w+@w+w)=(w+v)+w =0+v"=w +0=u'
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(Set theory) Let S be a set. Then we say that set T is a subset of S if T' consists of some of the elements of
S (and nothing else):
TcS<+<=VacT:acs

1.3 Subspaces

Suppose (V,+,-): a vector space over some field F.
Theorem. A subspace of a vector space is also a vector space.
Theorem. U C V is a subspace iff:

(a) Oy € U <= U is nonempty

(b) U is closed under +

(c) U is closed under -

Definition (Direct sum). Given Vi,...,V,,: subspaces of V. The sum Vi + --- 4+ V,, is called a direct sum
Vi@ &V, if each element of Vi + --- 4+ V,,, can be written in only one way as a sum vy + - - - + v,,, where each

v € V.
Theorem. Given U, W: subspaces of V. Then U + W is a direct sum <= U NW = {0}.

Proof.
"=": Given U @ W.
Consider any v € U N W, then 0 = v + (—v) where v € U, —v € W. Note that 0 has a unique representation
as a sum of vector in U and a vector in W. Then, we have v =0. Thus UNnW = {0}. B
"< Given UNW = {0}.
Consider any u € Uyw € W sit. 0 =u+w i.e. u= —w € W or equivalently v € U N W = {0}. Then, we can

represent any v + w only as a direct sum.
O



Chapter 2

Finite-dimensional vector spaces

Definition. V', vector space over F', is called finite-dimensional if V' = span(vy,...,v,).

Example. Below subspace is not finite-dimensional (it is co-dimensional).
P(R) = span(pi(z2),...,pn(2))

where mq,..., my,: degrees.
Any linear combination will have degree < max(m;).
However, P(R) = span(1, z,22,...,2™,...), basis of P(R), is co-dimensional.
Choosing m € {0,1,2,...}:

Pm(R) = {p(z) =byp+biz+ -+ bypz™ ‘ b; € R} = span(1, z,2%,...,2™)

where P,,(R) is finite-dimensional.

2.1 Span and linear independence

List of vectors in V' is an ordered collection (vi,va,...,vy) of vectors in V. Stipulate: span() = {0y} C V.
Definition. Let V be a vector space over F. Let (v1,...,v,) be a list of vectors in V.

(1) A linear combination is

n
ai-vytag- v+t ay vy = E a; - U5
i=1

where each a; € F.

(2) A span(vy,...,v,) is the set of all linear combinations of (v1,...,vy,)
n
{Zai -vila; € F}
=1

Lemma (Criterion for a subspace). A subset W C V is a subspace iff:
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(a) W is closed under addition

(b) W is closed under scalar multiplication

(c) Oy e W
Theorem. Let V be a vector space over F. If U is any subspace of V' that contains all vectors v1,...,v, € V,
then
span(vy,...,v,) CU
(1) span(vy,...,vy,) is a subspace of V.

(2) This is the smallest subspace U € V such that v, € U Vi=1,...,n.

Proof.

(1) Use the criterion for subspace:
(a) span(vy,...,vy) is closed under addition
(b) span(vy,...,v,) is closed under scalar multiplication
(c) Oy € span(vy,...,vy)

(2) Let U C V be some subspace s.t. v; € U Vi =1,...,n.

Note that:
n
span(vy, ..., v,) = {Zai-vi ‘ a; € F,v; € U}
i=1
Thus, span(vy,...,v,) C U, since U is closed under addition and scalar multiplication. ]
Definition. (vi,...,v,) C V is linearly independent if
ay vy + -+ ap v, =0y
has a unique solution a; =0 Vi =1,...,n (no nontrivial solution). Otherwise, it is linearly dependent.

Theorem. (vi,...,v,) € V: linearly dependent. Then 3k € {1,...,n} s.t. v; € span(vy,...,vk—1).

Theorem. V: vector space over F. If (uy,...,up): linearly independent list in V', (w1, ..., w,): spanning list in

V, then m < n always.

2.2 Bases

Definition. A basis of V is a list of vectors in V' that is linearly independent and spans V.
Theorem.
(1) Every spanning list in a vector space can be reduced to a basis of the vector space.

(2) Every linearly independent list of vectors in a finite-dimensional vector space can be extended to a basis of

the vector space.
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Theorem. Any two bases of a finite-dimensional vector space have the same length.

Proof. From replacement theorem. O

Remark. Every finite-dimensional vector space V has a basis.

Lemma (Criterion for a basis). A list of vectors (v1,...,v,) in V is a basis iff every v € V' can be written uniquely
in the form

V=a1v1 + -+ apvn

where a1,...,a, € F.

Proof. 7=": Given (vi,...,vy) is a basis of V. Consider v € V.
Because (v1,...,v,) spans V', Jaq,...,an, € F s.t. v = aqv1 + -+ + apvp.
Suppose there exist another set of dcy,...,¢c, € F s.t. v =c1v1 + -+ + .

Then, we have:
0= (a1 —cr)vy + -+ (an — cp)vn

where (vi,...,v,) is linearly independent, yielding a; —¢; = -+ = apc, = 0.

"«<": Given every v € V can be uniquely written in the form v = ajv1 + --- + a,v, for some (a;)",. By
definition, (v1,...,v,) spans V.

To show linear independence, consider Oy = 0 = ajv1 + ... a,v, that is uniquely determined; thus, a; = -+ =

a, = 0 must hold. By definition, (v1,...,v,) is linearly independent. O

2.3 Dimension

Definition. The dimension of a finite-dimensional vector space V is # B, where B is any basis of V.

Theorem. If dimV =dim W, then V = W.

Proof. Every vector in V is a linear combination of a basis (u1,...,u,) of U that is linearly independent list of
length dim U = n. O
Theorem. (v1,...,v,) is a basis of V iff Vv € V' can be written uniquely as

vV =a1v1 + -+ apv,
Theorem. Given Vi, Va: subspaces of a finite-dimensional vector space. Then
dim(V; + V3) = dim V; 4+ dim V5 — dim(Vy N V3)

Problem. Let U be the subset of £(R3, R?) consisting of all linear maps 7' : R® — R? s.t. dimnullT > 1. Prove
that U is not a subspace of L(R? R?).
Proof. Consider T, S € U s.t. T(x1,x2,x3) = (21,0),S(x1,z2,23) = (0,22). Then:

dimnull7 =2, dimnullS =2
(T + S)(z1,x2,23) = (x1,272) = dimrange(T + S) =2, dimnull(T+S)=1 span(0,0,z3)
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ie. T+ S ¢ U and U is not closed under addition. O

10



Chapter 3

Linear maps

In set theory, objects are sets.

A map (or a function) f:S; — Sy is a rule assigning Vs € S some element of Sy, denoted f(s).

S1 L S s f(s)
3 classes of maps:
« Injective (one-to-one): #S5; < #55
. Surjective (onto): #S1 > #55

. Bijective (one-to-one correspondence): #S1 = #S55

Let V, W be two vector spaces over F.
Definition. A map 7': V — W (viewed as sets) is called a linear map (or a linear transformation) if:
(1) T(u+v)=T(u) +T(v) Yu,veV (additivity)

(2) T\ u)=X-T(u) VA€ F,uecV (homogeneity)

F™™ is the set of all m x n matrices with basis consisting of all matrices with a single entry 1 and all other

entries Os and thus of dimension mn.

Theorem. Let (v1,...,v,) beabasisof V. Let (wy,...,w,) be alist of elements of W. Then, Junique T': V. — W
(linear map) s.t.

v—=w, Yi=1,...,n
i.e. T(Uz‘) = W;.

Proof. Since (v1,...,v,) is the basis of V, then Yo € V : v = cjv; + - - - + ¢,v,, uniquely.

11
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Define T :V — W s.t.
T(v) =T(crv1 + -+ cpvn)

=c1T(v1)+ -+ cnT(vn)
=cClwi + -+ crWn

Note that:
T(u+v)=T((crv1 + -+ + cpvn) + (a1v1 + - - - + apvy))

=T((a1 +c1)vi + -+ (an + cn)vp)
= (a1 +c1)T(v1) + -+ (an + )T (vy)
= (a1 + cr)wy + - -+ + (an + cp)wy
=a1wi + -+ apWy + w1 + ... CRWy
=T(u)+T(v)

Similarly, T'(Av) = AT'(v).

To show uniqueness, combine additivity and homogeneity of any such T"
T(v)=T(c1v1 + -+ cpvp) = crwy + - -+ + cpwy,
This is exactly T" we defined. Thus, T is uniquely determined on V. O

Definition. Given V,W: two vector spaces over F, let £L(V,W) be the set of all linear maps T': V — W.

Theorem. L£(V,W) has natural binary operations +, - making it a vector space.

T, € [,(V, W) : (Tl + TQ)(U) = Tl(v) + TQ('U)
T e L(V,W):(AT)(v) =T (v)

YveV.
Theorem. Suppose T': V — W. Then T'(0y) = Oy .

Proof. T(0) = T(0 + 0) = T(0) + T(0) i.e. T(0) = 0. 0

3.1 Null spaces and ranges

Given any linear map 7' : V. — W (V,W: vector spaces over F'), we can define two subspaces in V:
(1) null(T) :={v eV :T(v)=0w}
(2) range(T) :={T'(v):v €V}

Injective map

Theorem. null(7) is a subspace of V.

Proof. Use the criterion for subspace:

12
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(1) Oy € null(T) since T'(Oy) = O

(2) u,v € null(T) : u+ v € null(7T), i.e.
T(u+v) =T(u) + T(w) = Ow + O = O
(3) wenull(T),\ € F: A\u € null(7), ie.

T(Au) = XT'(u) = N0y = Ow

Definition. A function T : V — W is called injective if Tu = T'v implies u = v.
Theorem. T is injective: T'(u) # T'(v) if u # v <= null(T) = {0y }.

Key: Vu,v € V : Tu = Tv implies Tu — Tv =T (v —v) =0 ie. u—v € null(T) = Oy i.e. u—v =0y.

Surjective map
Theorem. range(7T) is a subspace of W.
Proof. Use the criterion for subspace:
(1) Ow € range(T) since T'(0y) = O
(2) u,v € range(T) : u + v € range(T)

(3) u € range(T),\ € F : Au € range(T)

Definition. A function 7" : V' — W is called surjective if range(7") = W.

Fundamental theorem of linear maps

Theorem. Suppose V is a finite-dimensional and T' € L(V, W). Then, range(T) is finite-dimensional and

‘ dim V' = dimnull(T") + dim range(T") ‘

Proof. Let uy,...,uy, be a basis of null(T") (i.e. all are linearly independent).

Extend it to uq,...,Um,v1,...,V, be a basis of V.

Thus, we have dim V = m + n and dimnull(T") = m.

To show dimrange(T) = n,

Since u1,...,Um,V1,-..,V, spans V, we have Vv € V:

m n n

T(v) =T Z a;u; + Z ijj = Z bjT(Uj)
i=1 j=1

J=1

13
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since T'(u;) € null(T).
Thus, T'(v1),...,T(vy,) span range(T).

Consider:
n
T Z ijj = OW
j=1

Le. D27 bjv; € null(T).

Then, we have:
n m
E bjv; — E aju; =0
j=1 i=1

iff a1,...,am,b1,...,b, are zero since uq, ..., Un,v1,...,V, are basis V and thus linearly independent.
By definition, T'(v1), ..., T (vy,) is linearly independent.
Therefore, T'(v1),...,T(vy,) is a basis of range(T"), proving dimrange(7) = n.

14
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3.2 Matrices

Key: the kth column of M(T) in F"™*! is T'(vy)|s for a basis 8 = (v1,...,v,) of V.

Definition. Given T' € L(V,W) and v1,...,v,: a basis of V', wy, ..., wy,: a basis of W.

The matrix of 7" w.r.t. bases is the m x n matrix M(T) whose entries A;}, are defined by:
Tv, = Ay pwy + -+ Apy g,

Theorem. Given T € L(U,V),S € L(V,W): linear maps, (u1,...,un): basis of U, (vi,...,v,): basis of V,
(w1,...,wp): basis of W. Then:

M(ST, (u1,. .., um), (wi,...,wp)) = M(S, (vi,...,00), (w,...,wp) )M(T, (u1, ..., un), (vi,...,0n))

We denote A ~ B and say that A and B are similar.

Theorem. Given T' € £(V): a linear map, (uy,...,un), (vi,...,vy,): bases of V.
Let A = M(T, (ui,...,up)), B=M(T,(vi,...,v,)),and C = M(I, (u1,...,un), (v1,...,v,)) where I : V =V
is identity operator.
Then
A=0"'BC

Proof. Note that T = ITI and C~! = M(I,v — u).

A= M(T,u—u)=C ' M(T,u—v)
= CIM(T,v — v), M(I,u — v)
=C'BC

15
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3.3 Invertibility and isomorphisms

Definition. A linear map 7' € L(V, W) is called invertible if there exists a linear map S € L(W, V) such that ST
equals the identity operator Iy on V and T'S equals the identity operator Iy on W.

Theorem. A linear map is invertible iff it is injective and surjective.

Proof.
”=7. Given T is invertible i.e. 3T~ : W — V.

To show injective, consider Yu,v € V s.t. Tu — T:
w=T"'"Tu=T"'"Tv =0

To show surjective, consider Vw € W:
w=T(T 'w)

i.e. range(T)=W. R
7«<": Consider a linear map S : W — V s.t. T(S(w)) =w VYw € W. Then, ToS =1 on W.
We show that SoT =1 on V by:

T(SoTyw)=(ToS)Tv=Tv YveV

O
Lemma. An invertible linear map has a unique inverse.
Proof. (Proof by contradiction) Consider 7' € L(V, W): invertible with two inverses S; and Ss.
By definition, we have:
S1 =511 = 51(TS2) = (51T)Se = 1S3 = Sy
O

Key: If T'(v1),. .., T'(vy,) is a basis of W where T': V' — W is a linear map, then 7" is an isomorphism.

Definition. An isomorphism is an invertible linear map. Two vector spaces are called isomorphic if there is an

isomorphism from one vector space onto the other one.
Theorem. Two finite-dimensional vector spaces over F' are isomorphic iff they have the same dimension.
Key: dim V = dim W since T must be bijective to be invertible.

Proof.
7=": Given V,W and T : V — W invertible. T is invertible iff it is bijective i.e. both injective and surjective. By
definition, nullT’ = {0y } and rangeT = W.
Using FTLM, dimV = dimnullT 4+ dimrangeT =0+ dimW. &
"<": Given dimV = dim W. Define basses (vi,...,v,) of V and (wi,...,w,) of W. Choose T" € L(V,W) s.t.

T(civ1+ -+ cpop) = clwy + - - - + Crwp.

16
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We have T'(0) = 0 since both bases are linearly independent and thus null(7') = {0y} i.e. T is injective.
By deifnition, Vw € W : w = 31" | ¢;w; and thus range(T) = W i.e. T is surjective.

Therefore, T' is invertible and is an isomorphism by definition. ]

Problem. Given V: finite-dimensional vector space over a field F', A, B : V — V: linear operators. Show that

AB and BA has same eigenvalues.

Proof. Let A be an eigenvalue of AB. Then, 4 some nonzero eigenvector v € V' s.t. ABv = \wv.
Then, we have:
B(ABv) = ABv = Aw = BAw

for some nonzero w = Bv € V i.e. \ is also eigenvalue of BA. B
Consider w = Bv =0. Then, ABv=A-0=0= A\v and A =0.
Note that since Bv = 0 for some nonzero v, the null space of B contains v and is nonzero. By rank-nullity
theorem, we have dim V' = rangeB + nullB i.e. rankB = dim B < dim V.
Thus, we have dim BA < dim V i.e. d some nonzero u € V s.t. BAu = 0 and therefore A = 0 is eigenvalue of
BA as well.
O

17
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Products and quotients of vector spaces

Theorem. If V, W: finite-dimensional, then £(V, W) is finite-dimensional and

dim L(V,W) =dimV - dim W

18
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3.4 Duality

Dual space and dual map
Definition. A linear functional ¢ on V' is a linear map from V to F', i.e. an element of L(V, F).

Definition. The dual space V' of V is the vector space of all linear functionals on V.
VI=L(V.F)={¢|6:V = F}

Definition. For U C V, the annihilator U° is
Ul={pcV :¢(u)=0 YuecU}

Theorem. If V is finite-dimensional, then V' is also finite-dimensional and

dimV = dimV’
Proof. dimV’' = dim L(V, F) = (dim V)(dim F) = dim V. O
Definition. Given (vy,...,v,) is a basis of V, the dual basis (¢1,...,¢,) of V is a set of linear functionals
1 i=k
¢i(vk) =
0 i#k

Theorem. The dual basis of basis of V is a basis of dual space V".

Proof. Given (vy,...,v,): basis of V', (¢1,...,¢,): dual basis.
Consider ¢1¢1 + - -+ + ¢, = 0. Then, we have:

(Cl¢1 =+ .. —|—cn¢n)(vk) = ckqﬁk(vk) =c =0 Vk=1,...,n

ie. (v1,...,v,) is linearly independent.
Note that dim V' = dim £(V, F') = dim V dim F' = dim V' = n and dual basis has n elements.
Therefore, (41, ..., ¢y) is a basis of V', O

Definition. The dual map T’ of T is a linear map in L(W’' V') defined by
T (p) =¢poTc V' VopeW

Example. A linear map D : P(R) — P(R) s.t. Dp = p’. A dual map D' s.t. D'¢p = ¢D. Consider some ¢ s.t.
o(p) = p(3):
(D'¢)(p) = (¢D)p = ¢(Dp) = ¢p’ = p'(3)

Theorem (Algebraic properties of dual maps). Given T' € L(V,W). Then:
L (S+T)=8+T VSeLlV,W)

19
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2. \I)Y = \T' VA€ F
3. (ST) =T'S" ¥vSeL(W,U) ST:V —=U(ST):U =V’
Proof. (Part 3) Consider any ¢ € U’

(SoT)Yop=¢(SoT)=(poS)oT ¢oS:W = F

=70 ($o5)
—To (50 )
—(ToS)o¢
0
Theorem. Given U C V. Then U° C V.
Proof. Use criterion of a subspace:
(1) A zero linear functional 0 € U°
(2) Vo,9 € U
(6 +¥)(u) = ¢p(u) +h(u) =0 YueU
ie. o+ eU°
(3) closed under multiplication
O

Theorem. V: vector space over F', U C V. Then
dimU° = dimV — dimU

Proof. Consider an inclusion map i : U — V s.t. i(u) = u if u € V. Then a dual map i’ : V! — U’ is a linear map
st Vo eV i = oi.
By FTLM, dim V' = dim nulli’ + dim rangei’ = dim U" 4 dim V.

nlli ={¢p eV :i'p=0=¢i} U'={pcV' :¢(u)=0 YuecU}and ¢i:U — F
=y°

Theorem. Given V: finite-dimensional, U C V. Then:
(a) U'={0} = U=V
b) U =V' < U ={0}

Proof. (a) U’ ={0} <= dimV =dimU <=V =U N
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b) U=V <= dimU" =dimV — dimU = dim V' — dimU <= dimU = 0 <= U = {0}

Theorem. Given V,W: finite-dimensional, T" € L(V, W). Then:
(a) nullT” = (rangeT)°
(b) dimnull7” = dimnullT + dim W — dim V'

Proof. (a) Note that T": W' — V.
Let p € T'. Then T'(¢p) =0 =¢ o T i.e.

(poT)(v)=¢(Tv)=0 veV

i.e. ¢ € (rangeT)".
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Chapter 4
Polynomials

Definition. A polynomial f(¢) in P(F') splits over F' if there are scalars ¢, aq, ..., a, € F' (not necessarily distinct)
s.t.

FO) =c(t —a))(t—az) ... (t— an)

where I’ denotes R or C.

Suppose z = a + bi € C, where a,b € R.

The complex conjugate of z € C is Z = a — bi = Rez — (Imz)i.
The absolute value of z € C is |z| = Va2 + b2 = /(Rez)? + (Imz)2.
Note that 2z = a? — b%i? = a2 + b? = |2|?

Theorem. Suppose m is a positive integer and p € P(F) is a polynomial of degree m. Fix A € F. Then p(A) =0
iff there exists a polynomial g € P(F') of degree m — 1 s.t.

p(z) = (2= Nq(z) VzeF

Proof.
7=": Given p(\) = 0. Consider ag, a,...,am € F s.t. p(z) =ap+a1z+ -+ apz™ VzeF.
Then, we have:
p(z) = p(z) —p(A
=a(z—AN)+--Fap(z"—A") VzeF
Note that we have: i
K\ = (2 - )\)Z)\j_lzk_j Vek=1,...,m
j=1
|
7<": Given dq(z) € P(F) : p(z) = (2 — N)g(z) Vz € F.
Then, we have p(A) = (A — A)g(A) = 0. O

Theorem (Fundamental theorem of algebra (FTA), first version). Every nonconstant polynomial with complex

coefficients has a zero in C.
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Proof. By De Moivre’s theorem, we have:

k
(rl/k <cosz+isinz>> =w

i.e. every complex number has a kth root.

O]

Theorem (Fundamental theorem of algebra (FTA), second version). If p € P(C) is a nonconstant polynomial,

then p has a unique factorization

where ¢, A1,..., Ay € C.

p(z) =clz — A1) ... (2 = Am)

Consider T' € L(V),p € P(F).

Note that p(z) = ag + a1z + a22% + - - - + an2™
p(T) : V — V is a linear map defined as:

p(T) =aol +a1T + a2T2 + -+ a,T"
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Chapter 5

Eigenvalues and eigenvectors

5.1 Invariant subspaces

Definition (Operator). A linear map from a vector space to itself is called an operator.

Definition (Invariant subspace). Given T' € L(V'). A subspace U of V is called invariant under T'if Tu € U Vu €
U.

Thus, U is invariant under T if T }U : U — V is an operator on U.

Definition (Eigenvalue). Given T' € L£(V). A number A € F is called eigenvalue of T if there exists v € V such
that v # 0 and Tv = Av.

Theorem. Given V: finite-dimensional, " € L(V), A € F.. Then the following are equivalent:
(a) A is an eigenvalue of T
(b) T — AI is not injective
(¢) T — A is not surjective
(d) T — A is not invertible

Definition (Eigenvector). Given T' € L(V), A € F': eigenvalue of T. A vector v € V is called an eigenvector of T'
corresponding to A if v #£ 0 and Tv = Av.

Theorem. Given T' € L(V'). Every list of eigenvectors of T' corresponding to distinct eigenvalues of T" are linearly

independent.

Proof. We proceed by contradiction.

Assume there exist a smallest positive integer m such that there exists a linearly dependent list vy, ..., vy, of
eigenvectors of I" corresponding to distinct eigenvalues A1,..., Ay of T

Note that m > 2 must hold to form linearly dependent list.

Then, there exist ay,...,a, € F all nonzero (because of minimiality of m):

aivy + -+ amvy =0 multiply by T — A, [
= a1(A1 — Am)v1 + -+ am(An—1 — Am)Um—1
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where Aq1,..., \,,_1 are distinct and none of the coefficients above are zero.

Thus, v1,...,vn_1 are linearly dependent. Contradiction. ]
Theorem. Each operator on finite-dim V' has at most dim V' distinct eigenvalues.
Theorem. Given T' € L(V),p € P(F). null p(T) and range p(7T') are invariant under 7.

Proof. Consider u € null p(T'). Then p(T)u = 0. Thus, we have:
p(T)(Tu) = T(p(T)u) = T0 = 0

ie. Tu € null p(7). W
Consider u € range p(T'). Then there exists v € V such that p(T)v = u. Thus, we have:

Tu=T(p(T)v) = p(T)(Tv)

where Tv € V' by definition i.e. Tu € range p(T). O

5.2 Minimal polynomial

5.2.1 Existence of eigenvalues on complex vector spaces
Theorem. Every operator on a finite-dim nonzero complex vector space V has an eigenvalue.

Proof. Consider any T' € L(V), where dimV = n. Choose v € V : v # 0. Then, we have a list of vectors
v, Tv, T?v, ..., T of length n + 1 that is not linearly independent.

Thus, there exist a nonconstant polynomial p of smallest degree such that p(T)v = 0.

By the first version of FTA, there exist A € C such that p(A) = 0.

Then, there exists a polynomial ¢ € P(C) such that p(z) = (z — N\)g(z) Vz e C.

Then, we have: 0 = p(T)v = (T — X )(q¢(T)v).

Since ¢ has smaller degree than p, we know that ¢(7T")v # 0.

Thus, we have that A is an eigenvalue of T" with eigenvector ¢(T")v. O

5.2.2 Eigenvalues and minimal polynomial

Key: find smallest positive integer m s.t.
col +eiT+ -+ eI = —1m

has a solution cg,...,cm—1 € F.

Definition. Given V: finite-dimensional, " € L£(V'). Then the minimal polynomial of T is the unigue monic

polynomial p € P(F) of smallest degree s.t. p(T') = 0.

Quaternions by Hamilton By Frobenius theorem, the algebra H is one of only two finite-dimensional

division rings containing a proper subring isomorphic to the real numbers; the other is complex numbers C.
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5.3 Upper-triangular matrices

Theorem. Given T' € L(V'), V has a basis w.r.t. which T has an upper triangular matrix with diagonal entries
Aly..., Ap. Then
(T—XMI)...(T—XI)=0

5.4 Diagonalizable operators

Definition. An operator 7" on V is called diagonalizable if the operator has a diagonal matrix ./\/l(T)| 5 Wrt. to

some basis 5 of V.

Theorem (Conditions for diagonalizability). Given V: finite-dimensional, T' € L(V'). Let A1,..., A, denote the

distinct eigenvalues of T'. Then the following are equivalent:
(a) T is diagonalizable
(b) V has a basis consisting of eigenvectors of T
(©) V=aE\,T)
(d) dimV =dim E(\,T) + -+ +dim E(\p,, T)

Proof. An operator T' € L(V') has a diagonal matrix

A1 0

w.r.t. basis vy, ..., v, iff Tvy = Agyvy, for all k € [n]. d

Matrix limits and Markov chains

Theorem (Enough eigenvalues implies diagonalizability). Given V: finite-dimensional. If 7" € £(V') has dim V'

distinct eigenvalues, then T is diagonalizable.

Theorem. Given V: finite-dimensional, T' € L£(V). T is diagonalizable iff the minimal polynomial of 7" equals
(z—= A1) ...(z2 = A\pp) for some list of distinct Aj,..., A\ € F.

Proof. 7=": Given T is diagonalizable. Then, there exists a basis (v1,...,v,) of V consisting of eigenvectors of
T.

Let A1,..., Ay be distinct eigenvalues of T'. Then, for each v; there exists A\, s.t. (T — A\p)v; = 0.

Thus, we have (T'— M) ... (T — Ap1)v; = 0 implying (2 — A1) ... (2 — Ay) is @ minimal polynomial. W

7<": Given p(T) = []"1(z — Ai). Then, we have (T'— M\ I)...(T — A1) = 0.

We show by induction on m.

Base case m = 1: T — A\ I = 0 i.e. T'= A\I and thus diagonalizable.

Inductive step. range(T — A, 1) is invariant under 7. Thus, T restricted to range(7T — A, I) is an operator on
range(T — A\, I).
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Consider any u € range(T" — A\, I). Then, we have u = (T' — A, I)v for some v € V and:

(T —MI) .. (T = A1 Du= (T = M\I)...(T — An)v =0

Minimal polynomial of linear operator 7' € L(V') with m distinct eigenvalues: p(z) = [[;~,(z — A\;)¢ where
e; is the size of largest Jordan block for \; (or equivalently smallest & : null (T — \;I)F = null (T — A\ I)F+1).

m

Characteristic polynomial: x(2) = [[/%;(z — A\;)% where d; = dim G()\;, T) is an algebraic multiplicity.

5.5 Commuting operators
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Chapter 6
Inner product spaces

Definition. An inner product on V' is a function that takes each ordered pair (u,v) of elements of V' to a number

(u,v) € F and has the following properties:
. positivity: (v,v) >0 Vv eV
« definiteness: (v,v) =0iff v =0
o (u+v,w) = (u,w) + (v,w) Yu,v,w eV

. homogeneity in first slot: (Au,v) = A u,v) VA€ F,Vu,v €V

. conjugate symmetry: (u,v) = (v,u) VYu,v eV
Definition. An inner product space is a vector space along with an inner product on that vector space.

Theorem (Basic properties of inner product).

(a) For each fixed v € V, the function that takes u € V' to (u,v) is a linear map from V to F i.e. a functional.
(b) (0,v) =0=(v,0) YveV

(c¢) (u,v+w) = (u,v) + (u,w) Yu,v,weV

(d) (u, ) = (Av,u) = AMv,u) = Mu,v) VA€ F,Yu,v €V
Definition. For v € V, the norm of v, denoted by ||v|, is defined by |[v| = \/(v, v).
Theorem. Given v € V.

(a) |Jv||=0iff v =0

(b) [[Av[l = [Alllof] - VA e F

Proof. (b). Given A € F, we have:

X0l = (Ao, Av) = Mo, dv) = A (v, v) = [A]?[lo]|?
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Definition. Two vectors u,v € V are called orthogonal if (u,v) = 0.

Theorem. Given u,v € V. If u and v are orthogonal, then ||u + v||? = |Jul|® + ||Jv||?.

Proof. [lu+v|* = (u+v,u+v) = (u,u) + (w,v) + (v,u) + (v,v) = [Jul* + [|v]]*.

Theorem (Orthogonal decomposition). Given u,v € V : v # 0. Set ¢ = T“;’fg and w =u —

u=cv+w, (wv)y =0
Theorem (Cauchy-Schwarz inequality). Given u,v € V. Then |{u,v)| < |lul||]v]|.

This inequality is equality iff one of u,v is a scalar multiple of the other.

Proof. Note that if v = 0 the inequality holds trivially.

Consider v # 0. Consider orthogonal decomposition:

o (1)
ol

v+ w

s.t. w L .

Then, we have:

2 (u, v) ? 2
[Jul|* = T + [[w]]
[(w, 0)[*) o 2 o [{u,v)?
= [oll" + fwll” =
lo* o]
6.1 Orthonormal bases
Theorem. Given eq,...,e,: orthonormal list of vectors in V.

laier + -+ amemH2 = (a1e1 + -+ amem,a1e1 + - - - + amem)

=YD aajleie;)

=1 j=1
m

= ail* i = |af
i—1

= |+ -+ |am]* Vai,...,am €F

Key: it follows from above that any orthonormal list of vectors is linearly independent.

(u,v)
[[o]]2

Theorem. Every orthonormal list of vectors in a finite-dim V' of length dim V' is ONB of V.

O]

v. Then, we have:

Theorem (Bessel’s inequality). Given ey, ..., e,: orthonormal list of vectors in V. If v € V| then:

(v en) P+ + (v, em)]? < [0]]?
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Proof. Consider any v € V. Define u,w s.t.:
v=(v,e1)e; + -+ (v,epm)em +v—(v,er)e; — - — (v, em)€m = U+ W
Then, we have for k € [m]: (w,ex) = (v,ex) — (v, ex)(er, ex) = 0 i.e. (w,u) =0.

Thus, we have:
[o]* = {lull® + [lw]* > [Jull® = [(v,en) | + - -+ [{v, em)

Given eq,...,e,: orthonormal list of vectors in V', u,v € V. Then, we have:
v=(v,e1)e1 + -+ (v,en)en

where [[0]® = [{v, e1)| + - + (v, en) .

Thus, we have:

(u,v) = (u,e1)(v,e1) + -+ -+ (u, en) (v, e,) slot-2 conjugate-linear
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Theorem. Every finite-dim inner product space has an ONB.

Theorem (Riesz representation theorem). Given V: finite-dim, ¢: a linear functional on V. Then 3 a unique

vector v € V s.t.

d(u) = (u,v) YueV
Proof. Existence. Let eq,...,e, be ONB of V. Then:
o(u) = ¢((u, er)er + -+ + (u, en)en)
(e

= (u,en)d(er) + - + (u, en)d(en)
= (u,p(e1)er + -+ + (/>(€n)6n,> YueV

Choose v = ¢(er)er + -+ - + ¢(en)e,. W
Uniqueness. Assume there exists two vi,v2 € V : ¢(u) = (u,v1) = (u,v2) Yu e V.

Then 0 = (u,v1) — (u,v2) = (u,v; — vy). Thus, we have v; = vs.
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6.2 Orthogonal complements and minimization

6.2.1 Orthogonal complements

Definition. If U is a subset of V, then the orthogonal complement of U, denoted by U=, is the set if all vectors
in V that are orthogonal to every vector in U: Ut ={v € V : (u,v) =0 VYu € U}.

Theorem. V =U & U~L.

Proof. Consider v € V. Let eq,...,e,;, be an ONB of U.

v = <’U,€1>€1 +-+ <U7€m>€m +v— <’U,€1>€1 — <Uvem>€m

6.2.2 Minimization

Example. Suppose we want to find a polynomial v with real coefficients and of degree at most 5 that approximates

the sine functions as well as possible on the interval [—m, 7] s.t.
m
min/ |sinz — u(z)|dx
-7

Let C|—m,n| denote the real inner product space of continuous real-valued functions on [—m, 7] with inner

product
(fLoy=1 fg

Apply GSP to basis of U to get orthonormal basis (ONB).
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Chapter 7

Operations on inner product spaces

7.1 Self-adjoint and normal operators
Definition. The adjoint of T' € L(V, W) is a function T* : W — V s.t. (Tv,w) = (v, T*w) Yv € V,w € W.

Theorem. Adjoint of a linear map is a linear map.

Proof. Given T € L(V,W). Consider v € V,wy,wy € W:

<Ua T*(wl + U}2)> = <T’U,’U)1 + U)2> = (Tv,w1> + <TU7w2>
= (v, T"w1) + (v, T wy)
= (v, T"w; + T"wy)

Le. T*(wy + wy) = TH*wy + T ws.

Note that we also have: B
(v, \T"w) = (T, \w) = AN(Tv,w)

= Mv, T*w)

Theorem (Properties of adjoint). Given T' € L(V, W).
(@) (S+T)*=8"4+T* VSeL(V,W)
(b) (\T)* = AXT* VYA€ F
(©) ) =T
(d) (ST)* =T*S* VS e L(W,U) where U: finite-dim inner product space over F'
(e) I"=1

(f) If T is invertible, then T* is invertible and (7%)~! = (T—1)*
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Proof.
(d). Given S € L(W,U). Note that ST : V — U. Consider u € U:

(ST)v,u) = (S(Tv),u) = (Tv,S*u) = (v, T*(S*u))
| 0
Theorem (Null space and range of 7*). Given T € L(V, W).
(a) null T* = (range T)~+
(b) range T* = (null T)+
(c) null T = (range T*)*
(d) range T = (null T%)*

Proof.
(a). Note that 7% : W — V. Consider w € W such that w € null T* i.e. T*w = 0:

(Tv,w) = (v, T"w)
=(v,0=0 YveV

i.e. Tv L wand w € (range T)*. W O

Definition. The conjugate transpose of m x n matrix A is n X m matrix A* obtained by transpose and then

taking the complex conjugate of each entry.

Theorem. Matrix of T equals conjugate transpose of matrix of 7.

M(T7) = (M(T))*

st. T € L(V,W), e1,...,e,: orthonormal basisof V', f1, ..., fy,: orthonormal basis of W. Then M(T™, (f1,..., fm), (e1, ...

is the conjugate transpose of M(T, (e1,...,¢en), (f1,---, fm))-

Definition (Hermitian). A self-adjoint matrix is a matrix that is equal to its conjugate transpose matrix.
Theorem (Properties of a Hermitian matrix).

. all eigenvalues are real

. eigenvectors corresponding to distinct eigenvalues are orthogonal

Note that if a Hermitian matrix only contains real entries, it is a symmetric matrix.

7.1.1 Self-adjoint operators

Definition. An operator 7' € L£(V) is called self-adjoint if T' = T™*.
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T € L(V) is self-adjoint iff (Tv,w) = (v,Tw) Yv,we V.
Theorem. Every eigenvalue of a self-adjoint operator is real.

Proof. Given T' € L(V) self-adjoint. Consider eigenvalue A of 7' with nonzero eigenvector v s.t. Tv = Av.

Then, we have:
Alv]|* = (xo, v)

ie. A=\ and )\ is real. O

7.1.2 Normal operators

Definition. An operator on an inner product space is called normal if it commutes with its adjoint, i.e. T' € L(V)
is normal iff T7T™* = T*T.

Theorem. T € L£(V) is normal iff | Tv|| = || T*v| Vv e V.

Proof. Note that since T is normal, we have 77" — T*T = 0.
Then, we have Vv e V:

(TT* —T*T)v,v) =0 <= (TT*v,v) = (T"Tw,v)
— ||Tv|| = (T*v, T*v) = (Tv, (T*)*v) = (Tv, Tv) = || Tv||

O
Theorem. T € £(V): normal.
(a) null 7"=null 7" and range T' = range T*
(b) V =null T @ range T'
(¢) T'— Al is normal for all A € F
(d) To=X if T"o=X v YveV,A€EF
Proof. (c).
(T — XI)(T — XI)* = (T — XI)(T* — XI)
=TT* — NT — \T* + |\*1
= T*T — AT — \T* + |\J*T
= (T* — M) (T — \I)
= (T — )" (T — \I)
[ |
(d). (T — MD)w|| = |(T — X)*v|| = (T* — M)v = 0. O
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Theorem. Eigenvectors of normal operator 7' € L(V') corresponding to distinct eigenvalues are orthogonal.

Proof. Consider distinct eigenvalues o # 8 of T' with corresponding eigenvectors u, v i.e. Tu = au,Tv = [v.
Note that T*v = Sv.

Then, we have:
(a — B){u,v) = {au,v) — (u, Bv)
= (Tu,v) — (u, T"v) =0

i.e. (u,v) =0 must hold. O
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7.2 Spectral theorem

Theorem (Real spectral theorem). Given F' =R, T' € £(V). The following are equivalent.
(a) T is self-adjoint
(b) T has a diagonal matrix w.r.t. some ONB of V'
(c) V has an ONB consisting of eigenvectors of T’

Proof. (a) = (b). Given T is self-adjoint. O
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7.3 Positive operators

7.4 Isometries, unitary operators, and matrix factorization

7.5 SVD

7.5.1 Approximation by linear maps with lower-dimensional range
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Chapter 8

Operators on complex vector spaces

8.1 Generalized eigenvectors and nilpolent operators

Definition. Given T' € L(V), A: eigenvalue of T. A vector v € V is called a generalized eigenvector of T
corresponding to A if v £ 0 and
(T —XD)fv =0

for some positive integer k.

A nonzero vector v € V is a generalized eigenvector of T corresponding to A iff (T — A\I)4™Vy =0

Lemma. null7? = {0} C null7’ C null7? C --- C nullT*.

Proof. v € nullT* & T*y = 0. Then, we have T(T*v) = 0 = Ty & v € nullTF+L, O
Define d(k) = dim(nullT*) Vk=0,1,2....

Lemma (d(k) stabilizes). If null7™ = null7™*!, then null7™" = nullT™ Vj =1,2,...

Proof. Equivalent to null7™%* C null7™t 1 Vvi=0,1,2,...
Let v € nullT™ ! o Tmtitly — 0 o T = 0.
Denote w = T".
By our assumption, w € nullT™ < T™w = 0 < Ty = 0. O

Lemma (d(k) stabilizes at k = n at the latest). Let n = dim V. Then null7" = null7"*!.
Theorem. V: finite-dimensional vector space over C, T : V — V.

V = nullT” & rangeT™

Remark. If T': V — V is diagonalizable, V' = nullT" & rangeT .

Example. Given T : V — V isomorphism i.e. an invertible linear map.
Then d(k) = dim null(7*) = dim{0y} = 0.
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Nilpolent operators

Definition. An operator is called nilpolent if some power of it is equal 0.

Key: if an operator T is nilpotent, then repeatedly applying it to the vector v € V eventually flattens it to 0.
There exists a power k € R s.t. T will flatten any vector v € V.

Theorem. Suppose T € L(V) is nilpolent. Then TdmV — .

Proof. Since T is nilpolent, 3 some power k s.t. T% = 0. Thus, we have nullT* = V = null79™V and 7dmV =
0. O

Theorem. Suppose T' € L(V).
(1) If T is nilpolent, then 0 is an eigenvalue of 7" and 7" has no other eigenvalues.
(2) If F = C and 0 is the only eigenvalue of T, then T is nilpolent.

Proof. (1) By definition, 3 some power m s.t. T™ = 0. Then, T' maps at least one nonzero vector 7™ v = 0.
Thus, T is not injective and nullT # {0y }.
Therefore, 3 some nonzero v € nulll’ C V s.t. Tv =0 = Av where A = 0.
Assume ) is nonzero eigenvalue of T. Then, we have Tv = Nv for some nonzero v € V.

Thus, we have \""*v = T™v = 0. Then, ' =0. &

(2) The minimal polynomial of T"is (z — 0)™ = 2™.

Thus, we have T™ = 0, and T is nilpolent by definition. l

O
Theorem. T € L£(V) is nilpolent iff 3 a basis 5 of V s.t.
0 *
M(T) ‘ 5= e
0 ... 0
where all entries on and below diagonal are equal 0.
Proof. ”<": Note that T9™V = 0. Therefore, T is nilpolent by definition.
”=": Note that minimal polynomial of T" is 2™ and T = 0 for some positive integer m.
O
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8.2 Generalized eigenspace decomposition

Definition. Given T' € L(V), A € F. The generalized eigenspace of T' corresponding to A is
G\T)={veV: (T —M)*v=0 for some k € Z,}

i.e. G(\,T) is a set of generalized eigenvectors of T' corresponding to A (includes zero).
Key: (T —M)°=1={0}yC (T —-X)C---C(T—M\)k

Theorem.
V=&, G(\, T) (8.1)

where Ai,..., A\, are the eigenvalues of T' (without repetitions).

Proof. First, we show that V has a basis of generalized eigenvectors, so V' is a sum of G(\;, T).
Note that we have:
V =null(T — \I)" & range(T — \I)"
st. (T —NI)?*™w =01ie wenull(T — \I)?" = null(T — \1).
Thus, we have (T — \I)"w =0 = v.
Therefore, null(T" — \;I)" Nrange(T — A\, 1)™ = {0}.
We show this by induction on n.
Base case. n = 1.

Inductive step. Suppose we have proved it on the case dimV < n.

Consider A1,..., Ap: eigenvalues. Fix \p,:

V =null(T — A\, 1)" @ range(T — A\, 1)
=G, 1) BV

Lemma. G(\;,T') is T-invariant and range(7" — \;I)" is T-invariant because 7" commutes with (7" — \;1)".
|

Proposition. v € V cannot be a generalized eigenvector with two distinct eigenvalues.

Proof. Suppose (T — MX)" =0, (T — puI)™ = 0 but (T — )™ v # 0 for some m < n.
Then ((ud — NI)(T — pd))"v = 0.
Use binomial theorem: (a + b)" = Y"1 (*})a"~*b". Then, we have:

%

n

(T = pI)™(ul = A" (T — pI)'v =0
1=0

Lemma. The sum G(\;,T) for i = 1,...,m is a direct sum.
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Characteristic polynomial

Consider ¢(T)u = q(T)v1 + -+ + q(T)vm,.
We know (T — \I)"v; = 0. Moreover, (T — N\ I)%v; = 0 for d; = dim G(\;, T).

o7) =[[(T = XD%u=0 VueV

i=1

Definition. The characteristic polynomial is:

Theorem. ¢(T) = 0.
Theorem. Given T € L(V), A € F. Then G(\,T) = null(T — A\I)dmV,

Corollary. The minimal polynomial p(z) divides the characteristic polynomial ¢(z).

Cayley-Hamilton theorem Cayley-Hamilton theorem allows A™ to be expressed as a linear combination
of lower matrix powers of A
A" = —Cn_lAnil — - — A —col,

When the ring is a field, the Cayley-Hamilton theorem is equivalent to the statement that the minimal

polynomial of a square matrix divides its characteristic polynomial.
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8.3 Jordan form, square roots of operators

Definition. Given T' € L(V'). A basis § of V is called a Jordan basis for 7" if w.r.t. this basis, 7" has a block

diagonal matrix:

A 1
A, 0 F

M}BZ , where Ay = . VE € [p]
0 A
P 0 oo Nk

Theorem. Given T' € £(V) is nilpolent. There exists a basis of V' that is Jordan basis for T

Proof. We proceed by induction on dim V.

Base case. dimV = 1.

Inductive step. Consider dim V' > 1. Let m be the smallest positive integer s.t. T"" = 0. Thus, there exists
u€ Vst T lu#0. Let U =span(u, Tu,...,T™ tu).

Note that the list of vectors u, Tu, ..., T™ ' is linearly independent.

If U =V, then writing this in reverse order gives a Jordan basis for T

Consider U # V. Note that U is invariant under T i.e. Tu € U Vu € U. By induction hypothesis, there
exists a basis of U that is a Jordan basis for T‘U.

O

Define Jordan chain for kth vector vy of basis of V as {Tm’wk, T o, ... Ty, Uk}. Note that T' € L(V)
operates on each Jordan chain independently.

Note that each basis vector lives in one Jordan chain.

There is a finite list of vectors vy, ...,v, € V s.t. there is a basis of V consisting of (T7wv;) k=1,...,n,j =
myp > --- > 0s.t. Ty, £ 0. We define my, as the max power that sends any vector v € V to 0 in Jordan
chain k.

T has (n x n) x (n x n) block diagonal matrix w.r.t. to this basis.
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8.4 Trace

A connection between matrices and operators
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Chapter 9

Multilinear algebra and determinants

A negative determinant inverts/flips orientation of the space

9.1 Bilinear forms and quadratic forms
Definition. A bilinear form on V is a function f: V x V — F s.t.

v — B(v,u)

v — B(u,v)
are both linear functionals on V for every w € V.
The set of bilinear forms on V is denoted by V(2).

Definition. Suppose § is a bilinear form on V and ey, ..., e, is a basis of V. The matriz of § w.r.t. to this basis

is the n x n matrix M(f) whose entry M(f); in row j, column k is given by
M(B)jr = Blej, ex)

Symmetric bilinear forms

Definition. A bilinear form p € V) is called symmetric if
plu,w) = p(w,u) Yu,w eV

Theorem (Symmetric bilinear forms are diagonalizable). Suppose p € V@) Then the following are equivalent.

(a) pis a symmetric bilinear form on V.

(b) M(p, (e1,-.-,en)) is a symmetric matrix for every basis ey, ..., e, of V.
(c) M(p,(e1,...,ey)) is a symmetric matrix for some basis ey, ..., e, of V.
(d) M(p,(e1,...,e,)) is a diagonal matrix for some basis ey, ..., e, of V.
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Definition. A bilinear form a € V) is called alternating if
a(v,v) =0 YveV
Theorem. A bilinear form « on V is alternating iff
alu,w) = —a(w,u) Yu,weV

Theorem.
v —v® v

sym alt

Quadratic forms

Definition. Given f: a bilinear form on V. Define a function gz : V- — F by ¢g(v) = B(v,v).

A function ¢ : V' — F is called a quadratic form on V' if there exists a bilinear form 3 on V s.t. ¢ = g¢z.
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9.2 Alternating multilinear forms
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9.3 Determinant

9.3.1 Determinants of order 2
9.3.2 Determinants of order n

Theorem (Hadamard’s inequality). Suppose A is n X n matrix. Let vy,

|det A| < TT llol
k=1

9.4 Tensor products

..., v, denote the columns of A. Then
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Inner product spaces

10.1 Bilinear and quadratic forms

10.1.1 Einstein’s special theory of relativity
10.1.2 Rayleigh’s quotient

We use Rayleigh’s principle to find the eigenvalues of matrix A.

Given a symmetric, positive definite matrix A we define:

Minimax theorem by Von Neumann
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